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‘5:";?5(0) ,'.5\ :J:EI'_E (Point estimation of parameters)
BERSHPX |0)ZTHRAMET 5. ZERXDOERExHNFONTIZEEIZ,
B0z REELLY,
Point-estimate the parameter from the known population distribution and a realization of the sample.

ILHETE (Maximum likelihood (ML) estimation)

6 = argmax P(X = x |6)
6

« EEPX =x|0)DNRKICELIBHOZHTEELT S,

Select an estimator that maximizes the likelihood.

s ZHOEEALEEXREZFATESGEIZIE. RLHETEDMREX EES
HE=IXHEELLL,

No estimators outperform the ML estimator, when many realizations of random sampling can be utilized.

’{4Z°1:E;Hf(83yesian inference)
BREOBRRELMNMIFONGWNGEIZ, BHOSFIEHREZFES>THERE
'I‘ﬂiﬁllg E&%Lf:[)\o

When a finite number of realizations are given, use a priori information on the parameter to
improve the performance in estimation.

¥ BEIIHEEETREAEEND, (Regard the parameter as a random variable. )
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/\/rZ#EE(:zBHé%zl:ﬂiE (Basic assumptions on Bayesian inference)
o BEOFSEFIDHPO)I-TRET D,

The parameter is drawn from a priori distribution.

« FRISMIEIEBMTHS,

The a priori distribution is known.

NRAZXHEETIE. T—RZEAL-RICBESROIDT(ERSH)PO |X)
MAERSNS,

The a posteriori distribution—distribution of the parameter after observing the data—is used in

Bayesian inference. P(X |9)P 9
/\’fZO)/AEt (Bayes’ formula): P(9 |X) = P(X) ( ) (5-1)

ERSMIE. BEESHP(X |0)EBRIDHPO)DLETETES,
The a posteriori distribution can be computed with the population distribution and the a priori distribution.
iR ERASPX,0)ZZBYDAHETREAT D,
Proof  We represent the joint distribution in two ways.
P(X,0) =P |X)P(X) =P(X |6)P(O)
R EHBEP(X)TEISE ARAXDLBK(BN)ERD,
Dividing the last two expressions by P(X), we arrive at Bayes’ formula (5.1). [
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B1 3143 (T (Example 1: Coin tossing)

*E%ZF (Sample) X = 1: iFZ (head). X = O: % (tail)
5351k kil g forx=1

Population distribution 1—6 forx = 0.

B#0 € [0, 1]ITRAHIEEEZRT,

The parameter represents the probability of the occurrence of a head.
%ﬁﬁﬁﬁ*?ﬁfﬁ Eg%l(A priori probability density function (pdf)) p(@) =1
zlgﬁ*-l'flis Do (Q)jép (5)&5%5&3—60 (In this notes, pg (0) is simply written as p(6).)
RETEERRLI-LEDBHODZALHTEEIL. Oy, = 1THS,

The ML estimate of the parameter is ;. = 1 when one head is observed.

P(X=x|9)={

6 = argmaxP(X = 1|6) = argmax 6 = 1
6€[0,1] 6€[0,1]

2EFHDODESIIBERSTOERIOHD,
The second equality follows from the definition of the population distribution.

F—ADHEGETHET DL, R TRAHBLRETHLAAL,

The estimation based only on the data just predicts that a head occurs with probability 1.
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B1 a4 ¥ (T (Example 1: Coin tossing)

ERIMEREERN BEHD M g forx=1
. 6) =1 P(X =x0) =
A priori pdf p - Population distribution 1—6 forx = 0.

Ke—RIBBALE-ZOIDEEEREERHZAELELD,
Compute the a posteriori pdf of 8 given an observation of one head.

A ARAZXDBKGNDBEHET S,

We first compute the denominator in Bayes’ formula.

1
P(X =1) = j P(X = 110)p(6)do = f

0 0
CORENAZXDAKICKRATEHE ROFREREEEBERSFD

Substituting this equation into Bayes’ formula, we obtain the following a posteriori pdf:

19d9—1
2

P(X =116)p(6) —~ 2
p(@1X =1) = POT=1) =20 o
>
COERBEBREBMOLOEESRET EN? o
How should we estimate the parameter from this a posteriori pdf? S
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512 : ERFMDIEIE (Example 2: Transmission of a bit sequence)
FE AR (sample) X = {X; € {0,1}:i = 1,2,3}

X [j:l% E D x1|= g Ew I‘j‘C_iFZ—‘j_ (X; represents the ith received bit.)
BERS

p forx + 6;
Population distribution P(X10) = HP(Xi 10:), P(X; = x|6;) = {1 —p forx = 9;

={0;, €{0,1}:i = 123}(ia_1=. EvkBIZxt T B,

The parameters correspond to a transmitted bit sequence.

BEEEYR T ITHEERp(< 1/2)TEYRMRERT 5,
Each transmitted bit is independently bit-flipped with probability p (< 1/2).

SEIT P(6) 1
a priori distribution B ? for 6 € {00 = 000, 01 = 111}

Evkdlx = 101AZ{EShEEIT EZEEYRIEHTELELS,

Estimate the transmitted bit sequence when the bit sequence has been received.

R ALHETE EMLestimate): Gy, = 111

PX=x10=0y) =p*(1—-p)<p(l-p)*=PX=x|0=20,)
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B2 - EVRFIDIEIE (Example 2: Transmission of a bit sequence)

Evkilx = 1010 ZESNEZTDONER L HTZTHELLS,

Compute the a posteriori distribution of the parameter when the bit sequence has been received.

RIS ARLXDRKGA)DAEBETET S,

We first compute the denominator in Bayes’ formula.
PX=x)=P(X=x|0=0,)P0 =86, +P(X=x|0,)PO =8,

1 1 -t _O & = / >
= Epz(l —p) + Ep(l —p)?2 (AIR—TDREDRESER)
(See the last equation in the preceding page)
CDXERAXDAKITRATEE ROBEATEFD,
Substituting this equation into Bayes’ formula, we arrive at the following a posteriori distribution:
P(X =x|0)P(6) { p  for6=0,

p(6 X =x) = PX=x) |1-p fore=0,

CDEBEERNODLOTEIHETAREN?

How should we estimate the parameter from this a posteriori distibution?
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EWIEEEODWH (Example 1 for evaluation criteria)
) T S . BRI TE = A
T RBE {06y ERTHEER o = E[0 [X]

Mean-square error (MSE A posteriori mean estimator (PME)

EIE5.1: FRIVBESFXFHITREZR/NNT S,

Theorem 5.1 The PME minimizes the MSE.

FRTIHEEERL. RN FH_FREETELLFIELNS,

The PME is also called the minimum MSE (MMSE) estimator.

REBAproon) . E[(8 — 6)?] = Ex{Eg\x[{(60 — OpmE) + (Opme — 0)}?]}
HEEIIXDEBEDT, KEAHEFHE) D ETIEEREATE D,

Any estimator is a function of X, and thus regarded as a constant in calculating the conditional expectation
Opme = E[0 |X]ED T, FARERMT HE. 2(0 — Opme ) (Opme — 0)IFHZ B
Since Opye = E[6 |X] holds, the cross term vanishes in expanding the square.
E[(6 — 0)2] =E[(6 — pme)| + E[(Boms — 0)°| = E[(6 — Bpmp) ]
ZE1E0 = Oppp D EZIZPR B, (The equality holds only for 8 = Bpys.)
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B : 24T (Example 1: Coin tossing)

Re—EFRL-ROIDERERZFEREBIILL T TH o=,

The a posteriori pdf of 8 given an observation of one head has been derived as follows:

p(6 X =1) = 26

ERTHHTEEIE = E[0 |1X = 1)ZEHELLS,

Compute the a posteriori mean estimate.

1 1

) 2

OpmE = J Op(0|X =1)do = J 20240 = 5
0 0

T—REBHIERZFOTHTE T 5L, HER2BTRMAHDELWDHEEEZFS,
The estimation based on the data and a priori information predicts that a head occurs with probability 2/3.
HS$§JZ : %t*&i@%é(cf: Case of the ML estimation)

éML =1

F—EDHEFE>THET HE. BEITRALBLHET HLOEL,

The estimation based only on the data just predicts that a head occurs with probability 1.
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E%ﬂi%ﬁ%d)ﬁl]z (Example 2 for evaluation criteria)

RS .
Eﬁ._ Per = IE[l(H + 9)], 1(true) = 1, 1(false) =0
Error probability

RASRERKEES:

Maximum a posteriori (MAP) estimator

TEIE5.2: EARFREREESIIRYERZTR/NMNIT S,

Theorem 5.2 The MAP estimator minimizes the error probability.

éMAP = dargmax P(Q |X)
6

AEBA (proof): FEEEIEDT=8. 6 € {0, 1}721&7\?#%0 (For simplicity, assume 6 € {0, 1}.)
Per = Ex{Egx[1(0 # 0)|} = Ex{1(6 = 0)P(6 = 0|X) + 1(6 # 1)P(6 = 1|X)}

ERICKY.1(6 = 0)E1(0 = 1)IXELLM—ADOT, £E5—AMMELS,

By definition, either of the two indicator functions takes 0, and the other takes 1.

REWHDEBREERDFREMOITEDEIIOEERT D, perlER/NELD,
Per IS Minimized when one selects § such that the coefficient of the larger a posteriori probability vanishes.
COHEEIRAREREREESICTHZSIL,

This estimator is exactly equal to the MAP estimator. [
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B2 - EVRFIDIEIE (Example 2: Transmission of a bit sequence)

Evkilx = 1010 ZESNEZTDODEER S FIFILL T THoT=,

We have computed the following a posteriori distribution of 8 when the bit sequence has been received:

p for 8 = 000

p(Hlex)z{l_p for = 111

%ﬁ%fﬁﬁﬁ&*&lﬂfﬂﬁéMAp%ﬁ'ﬁ LJ::)O (Compute the MAP estimate.)
p < 1/273£0) T, (Because of p < 1/2,) Opap=111

ttﬁfi : :ﬁ%jﬁ,*ﬁid)%é(cﬂ Case of the ML estimation) éML =111

COGERF RREREREEELRALHEEEENFLLY,

In this case, the MAP estimate is equal to the ML estimate.

—D— ﬁ“iﬁ% ,5?‘575\ “? (Does this coincidence occur by chance?)
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BARD—ETIL/ELY, (No, it does not.)

EH5.3: BRI IN—HRDTDEE. GARERERHT =L
Theorem 5.3 %t*ﬁlﬁf%t_ﬁj—éo

If the a priori distribution is uniform, the MAP estimator is equivalent to
the ML estimator.

EBA(proon): RAXDAK BN ERAERBEEHETDERICRATSL,

Substituting Bayes’ formula into the definition of the MAP estimator yields
P(X |6)P(0)
P(X)
REDFESIL 0ICEATEIRKIEEICPX)IFTEEEXZS AL -OTHS,

The last equality holds because P(X) provides no impacts on the maximization with respect to 6.

ERINTPO) [FOIZKFELEL =S, RLERERYRL T,

Since the a priori distribution is independent of 8, we repeat the same argument to obtain

Opap = argmax P (0 |X) = argmax
6 6

éMAP = argmaXP(X |6) — éML'
6
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ANAZHEE DERRE 26T D3

Criticisms against the basic assumptions in Bayesian inference

« BHOTFZRTMICHE-THRET D,

The parameter is drawn from a priori distribution.

« BRINHIIEMTHS,

The a priori distribution is known.

?H:*ll 1 (Criticism 1) :

FRNMEEFEITOIDON? FELIZELTH, ENZEIEREICH
HZEEXTESHDOM?

Is there really the a priori distribution? Even if there were, would it be possible to know
the distribution exactly?

« FERNMMIEBFHAEETIHERGETH S,
The a posteriori distribution is computable with low complexity.

*J:I:*IJZ(Criticism 2):
RICHHIENTEELTH. FRDMIIHFETSLOMN?

Even if it were possible, could we compute the a posteriori distribution?
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ff‘ﬁé’l’ﬁ@]ﬁfmistory of Statistics)

f—< X~ A X(Thomas Bayes) 1702—1761

Iﬁﬁﬁﬁﬁ(Subjective probability) : ’Q’fZ\\ﬁ%}EE"'?(Bayesian statistics)o)tyﬁ\i (')
HERLL, AFDEBRNGCEZOESVZRIEILLLEZLOTHS,

Probability is a value to quantify human subjective “belief.”

OJJLE T4y +—(Ronald A. Fisher) 1890 — 1962
gﬁﬁﬁﬁﬁ(omective probability) - &‘EFE_ I %%}E§+$(Frequentist statistics)@ &ﬁi l’)
HEREL, RERICESOTOAHIRAITLHIERDELHEETH S,

Probability is a relative frequency of occurrence determined only via experiments.

RILBIN—2 DOHFZEL T, #HatFh o T MERICEERRLT=,

He provided the criticisms in the preceding page, and eliminated subjectivity from statistics.

I TOYOHASHI
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#H 5T D FE 5 (History of Statistics)
201H #0#% 2 (Latter half of 20th century)~ 5 H (now)
=] T T A X512 (Objective Bayesian statistics)
EBMNICE ELO LB MOM R —EIFEHRFRIfH

Researches of “objective” a priori distributions—non-informative a priori distirbutions

PtFI 1 [Z%F 9B XF 1 (Defence against criticism 1)

n+ﬁ*§2$*|’%o) '“f.(Evqutlon of computer science)

FRNMMEESECTHELUGFEILIFENORER

Development of methods for computing the a posteriori distribution quickly and approximately.

Ht 3 2 125349 % Xt 1 (Defence against criticism 2)
RAXRETFIET S HOERBERMNEXZOERTHD.

Bayesian statistics is a base that supports modern Information and communication technology.
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