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sl %i 1I=I E%(W”'eless Channels)

WIBREICHEITAEHZEBEVARTLDIFEAEIL., YIEERIIZEDINVT
UTDOUATLTETILIETES,

Almost all wireless communication systems in the physical layer can be modeled with the
following system based on physical laws.

7 %? 1_5—%0) fﬁﬁdﬁi&ﬁFﬁE] "f}f n'l':ET)l/(Dlscrete time statistical model of wireless channels)
y=Hx+w, w ~ CN(0,NyIy)

x € CVN :3EXIEARTF )L (Transmitted vector) Yy E CM ;. Z{E AR L (Received vector)

H € CM*N - 815 B8 175 (Channel matrix)

w ~ CN (0, NoI) : IGERIB BT DR E(AWGN)RI KL
Additive white Gaussian noise (AWGN) vector
#7551 B9 E (Statistical assumptions)
o FEERTMILxIZTEHIOTH B, (The transmitted vector x is zero mean.)
o MERZTHH.x . wikIRILTH B, (H, x, and w are independent random variables.)
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TILFI—HEH (Multiuser detection (MUD))

ZENTMLy LRIEBITHIHD B ZE T, EENTMLAZHTEE K

Estimate the transmitted vector x on the basis of the knowledge about the received vector y and the
channel matrix H.

TILFA—H D EBD B 12 Ulimate Goal of MUD)
/INEDETE =T, FHRERMVICRBIEMREZERT D,

Achieve information-theoretically optimal performance using MUD with minimum complexity.

H%/J\ BEE'I'ﬁ%O) E%(Definition of minimum complexity)

ZIERNILILy e CMIZEERHMOBEREEZLT. T —22 2RI
D EEZTETHEZICWELHES,

Complexity required for computing an estimate of each data symbol via a fixed number of linear
operations with respect to the received vector y.

—f%1Z. (n general,) O(MN)
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ﬁ /-\jjﬁ Hj jJ(S|SO)O)iﬁ = (Case of single-input single-output (SISO))
y = hx + n, n ~ CN(0, Ny).
T—A2URIbx € ClE., FHODRPERTET Do

Assume that the data symbol x € C has zero mean and variance P.

%iﬂ/:g—/]\zlzilj %H/\%(LMMSE)*EE @ — argmin [E[lx _ C*y|2]

Linear minimum mean-square error (LMMSE) estimation ceC

i ol

L 14 :%Eﬁ%(Mean—square error (MSE))
E[lx — c*y|?] = E[|(1 = c*h)x — c*n|?]
= |1 = c*h|?E[|x]?] = (1 — c*h)*c*E[x*n] — (1 — c*h)cE[xn*] + |c|*E[|n|?]

= (1 —c*h —ch* + |h|?|c|?)P + Nylc|?
2

= (P|h]* + Ny) [c — il + o
P|h|?> + N, P|h|? + N,
Ph PN,
C = El|lx — ¢
¢ P|h|? + N,’ [l = &"yI%] = Plh|?2 + N,
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ﬁ—]\ i ﬁ— tH (S|SO)O)i5T|%(Case of single-input single-output (SISO))
x ~CN(0,P)ERELT. xDERTHHTEPME)EZHET S,

Assume x ~ CN (0, P), and compute the posterior mean estimator (PME) of x.

51%(Remark) PME[j:BEtx'l]\qué]:%Eﬁ%(MMSE)*&EE—G&)%}o

The PME is equal to the minimum mean-square error (MMSE) estimator.

_|y_IVhX|2 1 |x|2 1 _|y_1th|2 |xPJ2
h' = —e P = .
p(yl x)p(x) T[NO e 0 TL-P e T[ZPNO e 0
2 2 _a* _ * ok 2 2
Exponent = — Xy ooy +ylm I
Ny P
P|h|* + Ny Ph'y lyI?
— — X — _ |
PNo PIRI2 + No|  PIhI? + N,
Elx|yl = . Vxlyl = |

ZNBE . MMSE#EEIILMMSEHEEE—T 5,

In this case, the MMSE estimator coincides with the LMMSE estimator.
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FE T4 )L (Matched filter (MF))

1B {ERTET )L (Channel model)

H = (h4, ..., hy),
y=h,x, + z hy,x, +w, (hy v)
. x = (xq, .., xy) "

ﬁﬂﬂ (Approximation)

FiERS \Zh 1 Xy, 2 BERR T D, (1gnore the interference Sh,x,,,.)

1T EL D 22 24 14 (validity of the approximation)
o« JARXEAN, - oo (/A XIZFHIFIS N T-5E1E)

Noise power N, — o (Noise-limited region)

BIEELTEERQIZF T,

The case is not important in communications.
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FE T4 )L (Matched filter (MF))

A EY: %(Channel) 1 _ly—hpxnll?
p(Y|hy, xp) = We No

Y117 = ¥ hoxn — hnyxn + [[hall1?xn]?
Ny '

Exponent = —

FHAESHEEREERBp (Y h, x)E. hjyZBLTOH. yIIKEFT S,

The conditional probability density function (pdf) depends on y only through hily

‘I'ﬁﬁ‘ﬁ%’l’%(Suﬁicient statistic)
hny =~ ||hy|I*x, + hyyw, hyw ~ CN (0, N | hy, [1?)

2
< E [|hfiw]’| = REEwwH]h, = Nollh |1
;Fhl(j: SISO; 1:.&%(3)% (This is a SISO channel.)

P Pllh,?hlly ~ Phlly
TME T PIR, 1% + Nollho |12~ Pl |12 + Ny
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AT+ —2% (zero forcing (zF))
E1§ﬂ§%7_:)l/(Channel model)

y=Hx+w.

{&E(Assumption)
M= NMWDHIFXTIWSUOTHAHERET D,

Assume M > N, and that H is full rank.

5&1u(Approximation)

AWG NW%%*ET%) o (Ignore the AWGN w.)

1T {EL D 22 24 14 (validity of the approximation)
FHBAHIZHEART/AXEAIELTHITINEN, (FHIZHIFISN-FEE)

The noise power is sufficiently smaller than the interference power (Interference-limited region)

ﬁ1§tbf§g7‘;i’%é—c&350 (The case is important in communications.)
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YOI 4+—3 2% (zero forcing (zF))
B IE IRET JL(Channel model)
y =~ Hx.
13272 HFB X ZAZ<, (Solve the linear equation.)
Rz = H'y = (HUH)  HYy, €£074—22%cn
R /5 (Disadvantage)
JAXDIEIEEN S, (Noise is enhanced.)

E[HTw(HW)"| = No(H"H) " HH(H"H) ™" = No(H"H)"".

HYHDOHR/PMEFEMOISEWEEIZ, ERN/ A XD RRIEFHENT S,

The variance of the effective noise diverges as the minimum eigenvalue of H"H is close to zero.
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LMMSE
ﬁﬂﬁl(Approximation)
KRERGHTEEZEIL. R IT4IL2ZEK>TELUTES,

The best estimator can be approximated with a linear filter.

ﬁﬂﬂ D) 2 % '|‘ft|_(VaIidity of the approximation)
M > NMD1I5 & (Case of M > N)

36'6(1%%@%%’6%97‘:0 (This case was important in 3G.)
1) " FRE(MSE)

F = argmin E [”x — FHy||2] .

Fe(CMXN

LMMSE

~ -1
Xmmse = PHY(NoIy + PHHY) "y for E[xx"] = PI,.

min E||lx = Fiy|*| = PNoTr {(PH"H + NoIy) ™'}

FE(CMXN
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LMMSE M iE H D Z2E{ji (Preliminary for the derivation of LMMSE)

*ﬁ%ﬁﬁl (‘?ﬁ'ﬁ”&ﬁi(&ﬁ) (Lemma 6.1 (Matrix inversion lemma))
(A+BDC) '=A"1-A4"'B(D1+cA'B)"1ca™ 1

& BA (Proof)
HiBIZEMNSBDCE DT 5B, (Left-multiplying the right-hand side (RHS) by BDC yields)
BDC{A™' — A"'B(D~' + CA'B)~1cA~1)
=BD{(D"'+CA'B)-CA'B}(D'+cA'B)"'cA!
= B(D~' +CcA~'B)"1cA.

NZEE-T, #E6.1Z7EHEIIAY 5,

We use this formula to prove Lemma 6.1 directly.
(A+BDCO){A™ ' —A"'B(D"'+cA'B)1ca™ 1}
=I-BMD'+cA'B)"'cA ' +B( D' +cA'B)'cA ' =1
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LMMSE® E H (Derivation of LMMSE)
I T FEEITRERETILY = Hx + wEdK AT 5,

Substituting the channel model y = Hx + w into the MSE vyields

E|[lx - Fiy|*| = E|[|(1y - F'H)x — FAw||*| = P|[1y — FHH||" + NolIFI1>.

|A||? = Tr(AA")*Tr(AB) = Tr(BA)Z{E->T.
Using ||4]|?> = Tr(AA™) and Tr(AB) = Tr(BA), we have

E|[|lx - Fiy|*| = Tr{P(1y — FH — H¥F + FAHH"F) + NoF"F}
= Tr{F"(NoI\ + PHH")F — PFHH — PHYF} + NP
= Tr{(F - F)" (NoIy + PHH")(F - F)}
+NP — P>Tr{H" (NI, + PHH") " H}
> NP — P?Tr {HH(Noly, + PHHY) " H},

HEERMILIIF =FDEEIZRS, (The equality holds only for F = F.)
F = P(Nol, + PHHY) "H.
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LMMSE @ & H (Derivation of LMMSE)
%h@i\ (Thus, we have)
_ H _
Zummse = {P(Noly + PHHY) "H} y = PHY(Nol,, + PHH) 'y,
zFig:%Eﬁ%@%’]‘{E(Minimum of the MSE)
NP — P>Tr{H"(NoI,, + PHH") " H|

N -1
= PTr {IN — HH (?0 I, + HHH) H}
0

P - _
_ PTr{(IN + N—HHH) } = PNy Tr{(PH"H + Ny 1) 1}.

A=Iy.B=H" . C=H.D = (P/Ny)I,, 9 B#E6.1%F>1-,
We have used Lemma 6.1 with A = Iy, B=H", €= H,and D = (P/Ny)I,,.
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_Hg’ft%fﬁqzyﬂ*EI'_E%(Generalized posterior mean estimator (GPME))

ZODHEEEM—MGEHETERHLED,

We shall derive the three estimators in a unified method.

T 1u(Approximations)

T—ARIRLxIE, ARIRERTIRADTCN (0, PI)IZHES,

The data vector x follows the circularly symmetric complex Gaussian (CSCG) distribution.

/4Z D5 jﬁi& (iNO—C%é&L\JETé o (Postulate that the noise variance is Nj.)

f@ E JE1§ E%(Postulated channel)

y=H%+w, X~CN(0,PIy), w~CN(0,NyIy).
— LB R FE Y E E(GPME)

_ _1
. e Ny
Xgpme = E[X|y =y, H] = <?IN + HHH) H%y.
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_ﬁg1t$fﬁzlzig*EE%@EH:II(DGHV&ﬂOH of GPME)
_||}’—i'7'55||2 1 |Ix2

(nﬁ%)M{B O

p(¥ =ylH,X)p(X) =

lyll* — y"HZ — %"H"y + ¥'H"HX _||%|I*

Exponent = — —
p N 5
1 1 1 2
= -x"|=Iy+=H"H %+T(YHH%+’XHHHY)_ ”{”
P No No Ny

= —(x—Xx) EIN-I_N_HH (X —X%)
0

2 1 1
—”{” +xH|=Iy +=H"H )%
N, P N,

X 1I+1HHH_11HH X
X =\|— — — = X
p N N, A y GPME

TN Z . (Thus,wehave) E[¥|y =y, H] = X.
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=20 *E E % D ﬁp |':|:'| (Derivations of the three estimators)

BETLILZWMF

~

-1
_ _ (N
1lim NyXcpye = lim N, (?O Iy + HHH> H%y = PHYYy,

Ng—©o Ng—©o

tAIr— 29 @R

-1
NO -1
lim x = i —Iyv+H'H)| HYy=(HYH) HHy.
N’(l)r—r}oxGPME N(I,r—r>lo<P N ) Y ( ) Y

LMMSE
~ No H - H H H) ™1
XcpME | =(71N+H H) HYy = PHY(NyI,, + PHH"Y) "y.
0=No
HEDFSIL RN—UTIEAT %,
The last equality is proved in the next page.
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LMMSE @) 3E H (Derivation of LMMSE)

1IBR—UHTHALEITI REEAXZEFIRT 5,

We use the matrix inversion lemma in page 13.

-1

N P
(—"IN ; HHH) HY = —

H H
P N,

I PHH I +PHHH _1H

—PHHI I+PHHH_1I+PHHH I
_NO M M NO M NO M

= PHY(PHHY + NoI,) .
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E’I’ﬁ% (Complexity)
BEIT4ILEMF
Xup < Hly > OoMN) (BIEOHES)
¥Oo+r—2% 2R
%zr = (HUH) " H'y
> O(MN2 4+ N®+ MN + N2) = O(MN? + N%)
LMMSE

-1

N _
XLMMSE = (—0 Iy + HHH) HYy = PHY(NyI,, + PHHY) 'y,

P

M > NDIFZE ForM > N,)

O{(N + MN?) + N3+ MN + N?} = O(MN? + N3)
M < NDF&Form<n)

O{(M + M*N) + M3 + M? + MN} = O(M*N + M?3)
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