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sl %i 1|=| E%(ereless Channels)

MIBREICHITAIEBBEEVATLDIZFEAE L. YIEEA|IZEDINT
LTOUARATLTETIVIETES,

Almost all wireless communication systems in the physical layer can be modeled with the
following system based on physical laws.

7he ] "f‘i 1.:. E%O) ﬁﬁﬂ&ﬁﬁiﬁ "f‘}f .:.'|':ET JL (Discrete-time statistical model of wireless channels)
y=Hx+w, w~ CN(0,Nyly)

x € CN:;3 1.:. ’\7 |‘)|/(Transm|tted vector) Y € cM- %E/\b I*)I/(Received vector)

H € CM*N - j@{E B& 47 5l (Channel matrix)

w ~ CN (0, Nol) : IEMIB A AMEAWGN)RNILIL
Additive white Gaussian noise (AWGN) vector
#5551 B 7E (Statistical assumptions)
o EIEANIMILxIEFEHOTH S, (The transmitted vector x is zero mean.)
o MERTHH.x.wlTIEIITHS, (H, x, and w are independent random variables.)
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F‘Zﬁlﬁ‘éﬁ%fﬁ*ﬂ L—k®D tlf, $§J§(Comparisons for achievable sum rates)
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I.i.d. Rayleigh fading, N - o, and P/N, = 10 dB.
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%?ﬁ o i’ﬂ *Ei'—E %(Posterior mean estimator)

BT 3 0RIx, [TAERBEDESREEM c CLTEZRSET D,

Suppose that each data symbol x,, takes values on a finite constellation M c C.

$ fﬁ M 15 *E E %(Posterior mean estimator)

3 p(YIH, x)p(x)  Yerenxp(YIH, x)p(x)
BlalH,yl = ) xi= o = > pOHOP()

xemN

E‘fﬁ%(Complexity)
EiEtETLE DEKELO(MMNEDO BRLENKLETH D,

Direct computation requires at least 0(|M|Y) addtions.

STEEDLIEVELEREEIHLEMN?

Is there an approximate and low-complexity method?
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73— 53K (Factor graph representation)
T—EANIMLXDERIFIHIERET %o

Assume the independence of the elements of the data vector x.

%]
yl] — [hll hlz h13 O] XZ + [Wll
Y2 0 hzz 0 h24 X3 Wy ]
| X4
777/5‘_7“57(Fact0r graph)
P(x1) p(x2) P(_xs) p(x4)
Xo X3 X4
V1 Y2
p(y1|H, xq1,x2,x3) p(y2|H, x5, x4)
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7779_7“570)§§73_(H0W to draw a factor graph)

1. #HEEIARSKMOEREYHELEHN/ —FEFU, ATES FAID
MPBRMOEREBICIO>TRFDFINERT /—FET705—
/_F\tuqzlﬁs ﬁ—c:%<o

Unknown random variables to be estimated are called variable nodes, denoted by circles.
Nodes representing constraints due to prior distributions or known random variables are
referred to as factor nodes, denoted by squares.

2. BEBAFDER, ROTHNEE T758—/—Ky, LT
J—Rx, E ST 5,

When an element h,, ,, of the channel matrix is non-zero, the factor node y,, is connected
to the variable node x;,,.

fi%t\(Remark)

FRINMERT I775—/—FEEBINSEENH S,

Factor nodes representing prior distributions may be omitted.
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REED 7779_7\‘57(Fact0r graph with tree structure)

ONCRC <:> @
@{E

3’2

p(ylH; .X') — P(}’1|H, X1, X2, x3)p(y2 |H; X2, x4)-

HA7ILHTELN,

There are no cycles.

ﬁﬁz*ﬁiﬁ(mobabilistic structure)

VoD 0 (y1|H, xq, %5, x3) CHTEf=x, 3 [TIKFELLGEWCENEETH S,

It is important that y, is independent of x; and x5, which appeared in p(y;|H, x4, X3, X3).
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**%Jﬁ D) 777’5‘_7\\57(Fact0r graph with tree structure)

Depth O

Depth 1

Depth 2

Depth 3

Depth 4

% & (Properties)
o 7R —/—KIFF/—FZEHFD, (Any factor node has child nodes.)
e B/—FZERWT,.&/—FIEXH/—FE&—D2%HD,

With the exception of the root node, any node has one parent node
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% ﬁﬁ' *%ﬁ(Local structure)
I798—0 57X RE2DDARTHAHELELD,

Suppose that the factor graph is a tree with depth 2D.

Xi ={xi1, 0, Xin; }: RS20 2@ AHE E/ — K (variable nodes in depth 2i.)

Y, = {yi,l, = Vimg } RS20+ 1(:536777/5‘_/—|:(Fact0r nodes in depth 2i + 1.)
Nim: yi’md)%ﬁ,é?ﬁfﬁa—é%%(lndex indicating the parent of y; ,,,)

min: xi’n0)¥ﬁ,€*ﬁ'f€—d—é§%(lndex indicating the parent of x; ,,)

Ce(i, m): yi m D FHZTIETE T 57 5 5 S (Set of indices indicating the children of y; )
Cy(i,n): xi,nd)?ﬁ"é?ﬁﬁ’@d_%%%%é(sm of indices indicating the children of x; )

yi—l,mi,n H
fim =1
Yim fi,m(xi,ni,mlel,m) ‘ i Lm
Grin -~ Cirtmeum e

. y, """ y', in
Xivim = Xigrnin € Ce(i, m)} i ~ ey (in)
D—-1 m; D—-1 n;
P(}’lH, x) = 1_[ 1_[ fi,m (xi,ni‘m |Xi+1,m) = l ll l l fi,m (xi,nlxi+1,m ) .
i=0 m=1 i=0 n=1 meCy(i,n)
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%1& \Z‘ﬁO) n'l'ﬁ((?omputatlon of marginal posterior distributions)

BT RICELGL AR/ — Xy . DRABDEERDTZETET S,

Without loss of generality, we compute the marginal posterior distribution of the root node xg ;.

p(xoalH.y) = ) p(xlH,y) < ) p(yIH,) ﬂzo(xn)

\xo 1 \xo 1

BREx ZEEL-2HAEDHE{x € MV: x, fixedHTEALTERON S,

The summation is over all possible combinations {x € M": x, , fixed} for fixed x ;.

*f%%ﬁ"’ HD %#F(Tree condition)
i # 012X L TLX p: for al m}EX; DR ENTH S,

{X; m: for all m} is a disjoint partition of X; for i # 0.

U Xim = X, Xim N X =0 form #m'.

p(y|H x)O)l? \ﬁﬂiﬁo’c (Using the factor decomposition of p(y|H, x) yields)
D—-1 n;

p(x0’1|H, Y) < p(xp,1) z 1_[1_[ 1_[ {im (xi,n|xi+1,m)p(xi+1,m)}

\Xo1 i=0 n=1mecCy(i,n)
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i (L5 ;% (Belief propagation (BP))
777’5‘—/—|~°yi,m7ﬁ"5%*yﬂ/—lsxi,ni,m’\@?“yt jclm—m m( Lnlm)

Message qm—mlm(xin- ) passed from the factor node y; ,, to the variable node x;;, .
‘ ‘ D (i+1)
CIm—mlm( lnlm) - Z flm( lnlml L+1m) Mpym ( l+1n)-
Xi+1,m nece(i,m)
B/ By DD TTIE—/ =Ry 1 NDAYE—TmITL (x0)
Message mnﬁmm(xm) passed from the variable node x; ,, to the variable node y;_; m, ,

MBS, (in) < P(in) | | B o).

meCy (i,n)

i )
qm—>nl m T ‘ T D—-1

Mpom; ,
Yim fi,m (xi,ni,m |xi+ 1,m)

x_ ______ x' . . -
@ l+1!n|6f(l,m yl,ml ------ yl'm|(;’v(i,n)

AytE—IFEMLIRICAN>TEESNS,
The messages are computed from the leafs toward the root.
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Jﬁ EE? ﬁi}?ﬁ@ﬁ'l’ﬁ(Computation of marginal posterior distributions)

EEE7.1(Theorem 7.1)

p(x0,1|H, J’) X P(xo,1) 1_[ A1 (x0,1)-

meCy(0,1)

AEBAProon  FEREDIZEET BIRINEIZK->TIEBAT 5,

The proof is by induction with respect to the depth D.

D=1D%BE  p(x,IH,y)  p(xo,1) z 1_[ Fom (¥0,1|X1m ) P(X1m)}

Caseof D =1

= P(x0,1)

= P(xo,1)

\Xp,1 MECy(0,1)

Z fom (x0,1|X1,m) 1_[ p(X1n)
me‘(}vﬁb,l) X1m necCs(0,m)
%%1—)1 (xO,l)-

meiév((h),l)

CI11n—>1(x0,1) = z fO,m(xO,1|X1,m) 1_[ mgam(an)»

X1m

necCs(0,m)

p(xl,n) X m?l—ﬂn (xl,n)-
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JH'E IH7.1M EIE Eﬂ (Proof of Theorem 7.1)
D=dDHEICEEEFIELWERELT.D =d+1D5HEEETY

We prove the case D = d + 1 under the assumption of the correctness for D = d.

D =1DIGEERMBRIZ, X 4 [TBAT5MEHET 5,

We repeat the proof for D = 1 to compute the summation over X 44

p(xo. H,) o p(xo,) Zl M [ [ [ tim GinlXiram) pOCa1m))

\Xo1 =0 n=1 mecCy(i,n)

d—1 n;
<pon) ) | [ | [] OimGinlXissm)pisrm}
\Xp,1 i= O n=1 mecCy(i,n)
q:n’—rn’ (xd,n’) "
n'=1m'ec,(d,n’)
q}n—m(xd,n) = z fd,m(xd,n |Xd+1,m) 1_[ mg’em(xd+1,n’)r
Xd+1,m n’ECf(d,m)

mn’—>m(xd+1n ) x p(xd+1n )
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J'_.'E IH7.1M EIE Eﬁ] (Proof of Theorem 7.1)

D = d@i%AIZ'JE iF /=] —d_%)o (We reduce the formula to the case of D = d.)
{X; n HEX; D7 ENTZD T, (Since {X;m} is a disjoint partition of X;, we have)

ng—1 ng—1

[T I s@a=[T T1  T1 eew=] [rccen

n=1 meCy(d—-1,n) n=1 meCy(d—1,n) n€Cr(d—1,m)
TN Z . (Thus,)
d—2 n;
p(x0,1|H,y) OCp(xO’l) 2 l ll l l l {fi,m (xi,nlxi+1,m)p(xi+1,m)}
nd_l 0,1 =0 n i

fa- 1m(xd 1n|xdm) Hmn_)m ,(xd,n’)'

n=1 meCy(d—1,n)
bt (an) €PCian) | | @ Ciam).

mieCy(d,n’)
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JH'E IH7.1M EIE Eﬂ (Proof of Theorem 7.1)

P(xgn) = Mysmg (xqn)EFES2dIZHIEH/ —FDERIDHEAET L.

Regarding p(xq,) = Mim, ,(Xax) as the prior distributions of the variable nodes in depth 2d yileds
d—1 n;

p(roalBy) (o) D [ [[ | [ ] thim GinlXisim) pOCaamdy,

\Xp,1 I=0 n=1 meCy(i,n)

f=1=L. p(Xd,m) — Hneef(d,m) ﬁ(xdn)tﬁ;rg%—d_éo

where p(Xam) = [Tnec;(@m) P(Xan) is re-defined.

Ng—1

]_[mn o Ga) =[] T Pam)

n=1 mecCy(d—1,n)

TN Z | EETIHFHEDREDNLHED,

Thus, the theorem follows from the induction hypothesis.
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EE$1£*§5£O)E'I'ﬁ%(Complexity of BP)
RUXEMNLGHEXT7II—/—FHh LT/ —RIESAyt—

The most dominant computation is the update of messages passed from each factor node to variable nodes.

Qm—mlm lnlm)_ Z flm(xlnlmlxwlm) 1_[ 3—>$¢+1)( l+1Tl)

Xi+1,m nece(i,m)

BEBAeIZo(|ce(i, m)||m | ICcemD D ET ERERA A D DB

The marginalization is computed in 0(|C¢(i, m)|| M |I€tEmI) time.

[ﬁfdtj'}"gl)-l—g\\%j(Sparse factor graph)
I793—/—FDREC(i, m)| + INEHDEE ERIGRBREDHREEFIM P
NICBEHLTERIIZ55, T/ —FLRICHE ZMETI=9 U 3% BT 57 L5,

The complexity of BP is linear in M and N when the degrees |C¢(i,m)| + 1 of factor nodes are constant. A
graph is called sparse if the variable nodes satisfy the same property.

TOYOHASHI
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Loopy BP
RTHEWIFOEZ—J IDVILERIGRBRIEEERT 5 LETES,

It is possible to apply BP to factor graphs with no tree structure.

2793 —/—KRy, WO EEH/—bkx, ~DAvtE—Tqgt (%)

Message qt,_,(x,) passed from the factor node y,, to the variable node x,,
df—

Qm—m(xn) = Z fm | Xn xnl: T xnd -1 ‘ ‘ mnl—>m(xn
\Xn
T/ —bkx, Do T7O3—/—Fy , ~ADAvt—Imt . (x,)
Message m}_,,,(x,,) passed from the variable node x,, to the variable node y,,
dv_l

mgﬁm(xn) < p(xp) 1_[ qgliﬁn(xn)-

q;n—m I ‘ I m,l’;_ﬂn

Ym fm(xnlxnl) ".’xndf_l) }k
W Ymg| Ymg, -1
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Loopy BP

[Eﬂifd:777/5‘_7\\57(8parse factor graphs)
Ayt—U DEFHEHRE TLEDHLRY. BT STIEEHEMIZKICREZ 5,

A sparse graph looks like a tree asymptotically as long as message updates stop in finite iterations.
¢ 1&’EF§/ \OU TA *ﬁﬁ ffrT’J"'‘I'E_',—(Low-density parity-check (LDPC) codes)

° |: Y I"r.V/)-‘_'J _7"[’1‘-1'%’”3 a41’§§Jﬁ(Bit-interleaved coded modulation)

R C—FR1E T 743 —% 57 (Dense and uniform factor graphs)
BPIZHAUIEBL TR TLAAVE—UFBRET AHBEXEA TS,

BP includes a mechanism that cancels messages returned via cycles.

* Massive multiple-input multiple-output (MIMO)
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