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77‘D7§§H0} E El"] (Purpose of analog modulation)

ZODEFERFE T FRTETx () Ex, ) EFHLELTIRELTZLY,

Transmit two continuous-time analog signals x, (t) and x,(t) without interference.

1Z{E 3 1 (Sender 1)

w@ =\ %

5 {E & (Receiver)

E1§%2(Sender 2) %

x () =\_\_

“ANDEEED, A—BEBZTE-TREEET & FiENELD,

Interference occurs when two signals are sent over the same channel at the same time.

SEHEDTHZEHCHMT, BHREITO.

Modulation is used to circumvent the interference between the signals.

TOYOHASHI

UNIVERSITY OF TECHNOLOGY




*E%’;&O)@’E' (Review of complex numbers)
Jf’u%ﬂ%‘fﬁj(lmaginary unit) j2 = —1

B3R (Complexnumber)  xEYEEMEL T,z = x + jyFEERETES,

z = x + jy is called a complex number for real numbers x and y.
&Eﬁfﬁ,ﬁ” (Arithmetic operations)

:90)@?%{&&21 = Xq +jy1t22 = X +]y2(:J>(”‘TL,—C~

For two complex numbers z; = x; + jy; and z, = x, + jy,,
2122 = (X £ x2) +j(y1 £ ¥2)
212, = (x1 + jy1) (X2 + j¥2) = X105 + jy1 %z + jx1y2 + j2y1)2
= X1X — Y1Y2 T j(X1y2 + X%2y1)  wji = -1

8 3% I 1% (Complex conjugate) Z=x+jy=x—jy

%ﬁﬁ{E(Absolute value)

z| = (z2)Y2 =/ (x + jy)(x — jy) = /x2 + y?
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%u L)ﬁt;ﬁfg'ﬂ:(mvision and rationalization)
:Om?ﬁ%%ﬂzl = Xq +jy1t22 = X +]y2':JXH‘-.I-L/—Cs

For two complex numbers z; = x; + jy; and z, = x, + jy,,
zy _Xitjyr (X1 +jy1) (2 —Jjy2) X% + V1Yo + j(x2Y1 — x1Y2)
Zy X+ jys (g +jy2) (X2 —jy2) x5 +y;5

X1Xo + V1Y2 +jx2y1 — X1Y2
x5 +y3 x5 +y3

51%1 (Remark 1)
z, # 07Eb (L, BIYRIIEE TS D,
The division is well defined for z, # 0.

51.%.';\2(Remark 2)

NEBOEREEEZHSBESFITHTT, 2B ZRYRSEEE
BHEIEES, (FEDFSSR)

Rationalization means operations to eliminate j in the denominator via the multiplication of both
denominator and numerator by the complex conjugate of the denominator (See the red equality).
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T’fi_o){&iﬁ&@%zﬁﬁﬁuler’s formula and complex plane)
1_45_0)/.L§J_:t(Euler’s formula)
*E%%WZ =X+ jyl:i?}L,’C\ (For a complex number z = x + jy,)

z = |z|(cos 8 + j sin ) = |z|e/?, tan 6 =%

*E%SF E(Complex plane)

A

Im[z]
3V Z
|z|
0 | :
0 x Re|z]

zDEExLEEyZEZNZT NRe[z]EIm[z] EEL,

The real and imaginary parts of z are denoted by Re[z] and Im[z], respectively.

TOYOHASHI

UNIVERSITY OF TECHNOLOGY




= ﬁ EE] %l D E"J infﬁ,(Another representation of Trigonometric functions)

elf + 778 elf — =IO
cos @ = ) sin @ = .
2 j2
EIEE)EJ(Proof)
e/? = cos@ +jsinb,

e /% = cos(—0) + jsin(—6) = cos O — jsin@.
tEtomIx 29, (Add both sides above.)

. . el? 4 =IO
el 4+ 779 = 2cosH. S cosb = >
AIAEDANLEREBEDAZSIL,
Subtract the latter equation from the former equation.
) . el — e=J0
el? —e71% = j25sing. “+ sinf = 2
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*E”!ﬂé‘i EJJ (Exponents rules)

z; = |z;|(cos 0 + jsin6,) &z, = |z,|(cos B, + jsin6,)[Tx LT,

For z; = |z;|(cos 81 + jsin6;) and z, = |z,|(cos 8, + j sin 6,),
— 01,0, — (6,46
2125 = |21]|2;|e7%1€/%2 = | 2,2, | e/ (91*02)

EIEEE(PI’OOf) |21||ZZ| = |lezlligﬁﬂfd:0)—t‘:\ |le = |Z2| = 1%1&%#60

Assume |z;| = |z,| = 1 since |z,||z,| = |z12;] is trivial.

@i*ﬁﬁ&i;&é u_F—CIFE %Té o (Define the complex exponential function as follows:)

(0.0] Zn
exp(z) = Z -
n=0

EREHEARIIEEE exp(z)) exp(2,) = exp(z, + z,)&iml=9 DT,

The complex exponential function satisfies the exponent rule exp(z;) exp(z,) = exp(z; + z,). Thus,
exp(j61)exp(j6z) = exp(j(61 + 67)).

exp(jO) = el ZERITNIL KLY, (It is sufficient to confirm exp(j#) = e/.)
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aIE BA (Proof)
(]-9)2k — (_1)k92kt(]€)2k+1 =j(—1)k92k+175\6~
From (I-Q)Zk — (_1)k92k and (]-6)2k+1 =j(—1)k92k+1,
2 (i) o~ (—1)kg2k 2 (—1)kg2k+1
o) =y L= N S Y
n=0 k=0 ' k=0 '
= C(9) = 5(0)

C(0) = cos8ES(0) = sin OZFFEDE S, (Confirm €(0) = cosd and S(9) = sin6.)

, ~ > (_1)k(92k+1)’ ~ > (—1)kg2k ~ ~
$'(0) = k+1)! Z (2k)! ¢, S0)=0
k=0 k=0
X (_1\kp2k-1 X (_1\k+1p2k+1
Cc'(0) = (176 = (D76 = —-5(6), cC(0)=1

L (2k-D! 4 2k + D)

k
sin@ = cos@.sin0 =0, cos' @ = —sinf. cos0 = 17ZND T, WHHERX
DED—EMEMNS., C(0) =cos8ES(O) =sin8ExF5.

Since sin’ 8 = cos @, sin0 = 0, cos’ & = —sin @, and cos 0 = 1 hold, the uniqueness of the solution to

differential equations implies C(8) = cos 8 and S(8) = siné. -
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= AR D 22 K (Trigonometric identities)
E 235 XD 5E  (Pythagorean theorem)
cos? 0 +sin’9 =1
f(0) = cos? 0 + sin? 0&EFH K, (Let £(6) = cos? 0 +sin? 0.)
f'(0) =2cosf (—sinf) + 2sinf cosf = 0, f(0) =1. n
F0FE 2 K (sum-to-product formulas)
cos(6, £ 6,) = cos 8, cos O, + sin O, sin b,
sin(6; £ 6,) = sinf8; cos B, + cos O, sin b, .

e/ (01102) — oj01,1)0; DA Z LB K, (Evaluate both sides on e/®1£62) = ¢i61,%/02 )

7230 (Lefthand side)  @J(01%62) = cos(6, +6,) +jsin(6; + 6,).
45 33 (Right-hand side)
e/91e1i% = (cosh, + jsin6;)(cos B, + jsinb,)

= cos 0, cos B, + sin 0, sinH, + j(sin6; cos B, + cos B, sinH,). =
TOYOHASHI
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= ﬁ F;'E] %{ D :T:t(Trigonometric identities)

= SIS cos(6;, + 6;) + cos(6; — 6;)
cos 0, cos B, = ,
Product-to-sum formulas 2
_ _ —cos(8, + 6,) + cos(6; — 65)
sinf; sinf, = > ,
] Sin(Ql ~+ 62) + Sin(91 — 82)
sin 6, cos 0, = > :
FEAXEKY. cos(8, + 6,) + cos(6; —6,) = 2 cos B, cosb,.
From the sum-to-product formulas, (:05(81 + 92) — COS(91 — 92) = —2sinf;sinb, .

sin(6; + 6,) + sin(6; — 08,) = 2sinf; cosb,. m

2fEAD A
Double-angle formulas
*D*E’A:‘ntfel =0, = 0Ld HE. (Let 8, = 8, = 6 in the sum-to-product formulas.)
cos(20) = cos? 0 —sin? 0 = 2cos? 9 — 1.
EDEENEHT, cos? 6 +sin? 0 = 1%#E>71=,

In the derivation of the last equality, we have used cos? 8 + sin? 6 = 1.

cos(26) = 2cos? 6 — 1, sin(28) = 2sinf cosf.

sin(260) = sinf@ cos O + cosOsinf = 2sinfcosf. =
TOYOHASHI

UNIVERSITY OF TECHNOLOGY

10



=AEMDER '|f|:|_ (Orthogonality between trigonometric functions)

E&'l‘gﬁ(Orthogonality)

Xf[a, b] L DB EGITRL T, WAL T BEE, fEgIFERTHEES,

Two functions f and g on the interval [a, b] are said to be orthogonal if the following is satisfied:

b
(.9)= | r©gwdt =0

*ﬁEEZ.'](Lemma 2.1)

FEDBYLELITHLT, LTOERMENKILT B,

For non-negative integers k and k', the following orthogonality holds:

T/2 2 k1Tt 2k Tt T fork=Fk' ’= O,
f COS 7 COS 7 dt =<T/2 fork=k" #0,
—T/2 0 fork + k',

jT/Z _ (2knt> _ (Zk’nt) {T/Z fork =k’ # 0,
sin sin dt = -
/2 T T 0 otherwise,

JT/Z _ <2knt) <2k’nt> g0
sin oS =0.
~T/2 r r

UNIVERSITY OF TECHNOLOGY
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ffﬁf‘:ﬁZJ O)EIEEFJ (Proof of Lemma 2.1)
REDBEIALDT=O.T' = T/2LBE TETEEL

For notational simplicity, we let T’ = T/2 and rewrite T' as T.

k=0D5E. r  (k'mt r
For k = 0, j sin 0 sin K dt =0, J sin 0 cos

-T -T

X5k =k' = 0DES. JT

Furthermore, fork = k' = 0 _T

k=k'+=0DEE.2EAHAOARKEFST.

For k = k' # 0, using the double-angle formula yields

T
f 052 (@) g - (! cos(ant/T) + 1 [_ Gin (ant
7 T )

-T 4kt

B smz(kﬂt>dt B 1 — cos? ket dt =2T —T =
) T ) T -

—

J

TOYOHASHI
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cos? 0dt = [t]L; = 2T.

T.

4kt

)

(T (kmt kmt 1 (T [2knt T
sin a cosS a dt=§j sin T dt = |———cos
-T -T

(5

k'mt

)ae- o

s
2

T
| -
-T

ant)]T
=0
_T

12



?ﬁ%ZJ O)EIEEE (Proof of Lemma 2.1)
k # k'@i’%és *ﬁ*ﬂﬁEt%{E’JT\ (For k # k', using the product-to-sum formula yields)

T / T / 1!
f_T coS (?) COS <k;t) dt = %I_T {cos <(k +7{C )nt) + cos ((k 7{( )ﬂt)} dt
(k + k')mt (k — k")t _ 0
[(k A < T )] [(k K ( T >]_T -
T / T _ /
J_T sin <$> sin (k;t> dt = %fT {cos <(k 711( )nt) — COS <(k +7lf )ﬂt>} dt
(k — k")mt (k + k"t 0
[(k K ( > [(k+k N < T )]_T -
T / T / 1!
f_T sin <$> COoS <k:t) dt = %J_T {sin <<k +,1]f )nt) + sin <<k ,Ilf )nt)} dt

1] T (k + k")mt (k — kDmt\]" .
2 [(k T kOm < T )] [(k K ( T )]_T N
|

I TOYOHASHI
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_ﬁg’“f.j— ) Iff‘&%{(Generalized Fourier series)

IE& %E F;'EE] %zéﬂ(Orthogonal basis function)

XfE[a, b] LOEEDEZgA . EXER{P, ()}, DIEBIEETRIET
EHEST P (O} [FEXREEREMEMTIEIND,

Orthogonal functions {¢; (t)}r~, are said to be orthogonal basis functions if any function g on the
interval [a, b] is represented as a linear combination of the functions {¢; (t)}r;-

90 = ) ardi(®).
k=1
_ )C?]Q'ﬂf.j— ) Iﬁzt %ﬂ(Generalized Fourier coefficients)
Q. = (9, )
“ T Pk Pr)
b |
.60 = | 908t = Y audo b de
% ¢ ¢ k=1
= Z Qe { P, Pr) = il Pi, Pi) (P, P) =0fork #k'. =
k'=1
TOYOHASHI
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7—1) TR E (Fourier series)

7 —1) TEJE (Fourier basis)
{1, cos(2knt/T),sin(2knt /T)} -, 1&. RFE[-T/2,T/2] LD
“RABESEBgDZERICHTIEREERE B THS,

{1, cos(2kmt/T),sin(2knt/T)} -, are orthogonal basis functions for the space of square-integrable
functions g on the interval [-T/2,T/2].

ag — 2kmt - (2kmt
g(t)=7+2 ay Cos | — + by sin T :

k=1

7—1) T{% E (Fourier coefficients)

ap  (9,1) 1JT/2 (t)dt
2 (1) T,

B (g, cos(2kmt/T)) 2 (T 2kmt .
He = (cos(2knt/T),cos(2kmt/T)) Tf_T/Zg(t) COS( T ) gz
B (g,sin(2knt/T)) 2 (T2  (2kmt
bk = Sin(2kmt/T), sin(2Zkmt/T)) TJ_T e © Sm( T )dt'

#ﬁf’:ﬁZJ (Lemma 2.1)
TOYOHASHI
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77‘ M 7*}?{“@2{5@ (Analog amplitude modulation)

ﬁE(Assumption)

WX B cos2rf;t ) DEEAT, = 1/f1F. FEIEETx () EX,(O)DEFEESHD
A—ILEYE., +RIZEWERET S,

Suppose that the period T; = 1/f; of a carrier wave cos(2nf;t) is much smaller than the time scale of
the transmitted signals x; (t) and x, (t).

EU]._YTI]E' ‘Eﬂ (Amplitude modulation: AM)

EEFHIE. gl(t) = X; (t) COS(Zn'flt)é %5, (Sender i transmits g;(t) = x;(t) cos(2mf;t).)

%1%1%%(Received signal)
y(t) = x1(t) cos(2rfit) + x,(t) cos(2nf,t).

ZEESYOMD., x;(O)ICEIT DIFEWIZFEEYEHLI=LY,

Extract the information on x; (t) from the received signal y(t).

TOYOHASHI
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@EH(Demodulation)

fi = kf&f, = K FOERERES = 1/TOBE (k = K)DDf > 1DEE

When f; = kf and f, = k'f are integer multiples (k # k') of a fundamental frequency f = 1/T > 1,

= Ak T/2 T/2
FIRR R | J y(t) cos (21;7”) dt = j x1(t) cos? (@) dt

Coherent reception ~T/2 -T/2

+jT/2 © (2k’nt> (2knt> "
X COS COS
_1/2 2 T T

x(OIE. -T2 <t <T/2MDFEIZEREELTDHE,

Regard x;(t) as a constant for —T /2 < t < T /2 approximately.

x,(t) cos? (Zkﬂt) dt ~ x4 (t)j cos (@) dt = gxl (1),

FTEES jT/Z

Desired signal

~T/2 T

FiBiER (T2 2k'mt 2kt
X, (t) cos COS dt
~T/2 r r

T/2 2k'mx 2kmx ¢ A2
~ X, (t)j cos dt = 0. Lemma 2.1

T/2 r
TOYOHASHI
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N— B .
};E’E'(Exermse)

7O EBo()EME K cosrf.t)DAFRIZESHAL T, EIET 5,

Transmit an analog signal w(t) via modulation of w(t) for the phase of the carrier wave cos(2nf.t).

x(t) = cos(2mf.t + w(t)).

1. UTDyW)ZFETEE L. =L e > 1Z2RELT. t <t <t + [l
XL Tw(r) = w(t)EEEE L,

Compute the following y(t) by using the approximation w(t) = w(t) fort <t <t + f?!
under the assumption f. > 1.

t+f?t

y(t) = Zfo x(t) cos(2nf.T) dt.
t

2. ESyO)IoilEBICw()Z—RICTEFATESOHIZ, w()HERYS
BDIEDFHZEEA K,

Answer conditions for the image of w(t) to demodulate w(t) from y(t) approximately and uniquely.

TOYOHASHI
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