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?&%’E%(Thermal noise)

ERFORERBADRF T . BRENRET D,

Thermal noise occurs in circuit elements in the receiver, such as resistors.
103E: T (Additivity)
?ﬂ:’éﬁ%(i%%ﬁ@l:ﬂb%ﬁéhéo (Thermal noise is added to the signal amplitude.)

BT (whiteness)
BHMBEEATERISTH LTI LTH. YT IVEIFMILTH S,
Samples of thermal noise are independent regardless of the sampling rate.
jj‘r?Z'ri(Gaussianity)
BEHOTIEITFEHODA IR FIZHS,

Each sample of thermal noise is zero-mean and Gaussian-distributed.

RS EINENBRAVRAMEEATT

We regard thermal noise as additive white Gaussian noise (AWGN).
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%’!ﬂo) E%(: [ H'—C(Toward the definition of continuous random variables)

& i

1516.1 KEMIZARMN>TEITI-EZIZ, KDL imH EID
Example 6.1 EF"L‘:‘%':%T:%EE@E%%J:O T:T:L/s %@ﬁﬁ#‘ﬁ(i
HE—RTEITDALDET D,

Answer the probability with which, in throwing an arrow toward the
target, the arrowhead hits the center point of the target. Assume that
the arrowhead touches a point on the target.

%‘: Z (Answer) 0

B %2 &K B EEBA(Proof by contradiction)

BFORIT-ROEIRIE, BHOFIDRZHIDET HM/NEEE ET—H
NI HERET D, PIDRICE-DHERZp > 0£T 5E. ABADM
DRICEH:=DHERLPTHD, 5L AR LICRTERICHLHD T, M
INABADRICEH-AHEREOBRFTIMNIZEBATLED, LIz > T, D
FIRNMZEH=HMHR[EIp = 0TH 5,
Suppose that, with uniform probability, the arrowhead thrown by an expert player hits a point inside a small
disk of which the center is the center point of the target. Assume that the arrowhead hits the center point with

probability p > 0. Then, the summation of probabilities with which the arrowhead hits points inside the small
disk is above 1 because the small disk contains an infinite number of points. Thus, the answer is p = 0.
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E.ﬁﬁﬁ$§’§ﬂd) I'_E%(Definition of continuous random variables)
EREREHTIE. ATEHGL EBICALHERTERI 5
For continuous random variables, we discuss an inclusion probability not at a point but inside a set.
I'_E Eﬁijz D 7'J_$'|'(Definition direction)

ERERTHANT A TORME[a, b [CEFNIERZEERT NIELL,

Sufficient to define a probability with which a continuous random variable X is contained in any interval [a, b].

MERITIERICEYETONDDITTIEELY,

The probabilities cannot be necessarily set freely.

P(X € [a, b]) =?
103 5 (Additivity)
P(X € [a,b] VU [c,d]) =P(X € [a,b]) + P(X € [c,d]) forb <c

15116 2 (Example 6.2)

EEPX <0)=1/3LP(X =0) = 1/3DRMERFIRREE L,
Point out a problem in the definitions P(X < 0) =1/3 and P(X = 0) = 1/3.

P(X € (—%,0)) = P(X < 0) + P(X = 0) =§< 1.

é%%@%iﬁﬁ&b{‘l ':7‘;;:‘572}:[,\0 (The occurrence probability of all events is not 1.)
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Eﬁﬁﬁf—‘&%éﬁﬂd) I'_E%(Definition of continuous random variables)

15']6.3(Example 6.3)
EEP(X €[0,1]) = 2/3&P(X € [0,2]) = 1/3DBBEAZIEREE X,

Point out a problem in the definitions P(X € [0,1]) = 2/3 and P(X € [0,2]) = 1/3.

1
P(X e (1,2])) =PX €[0,2]) —-P(X €][0,1]) = —§ <0
R X[ [a, bR [E[c, d]ITEFENDESIE,
Monotonicity If the interval [a, b] is included in the interval [c, d],

P(X € |a,b]) < P(X € [c,d])

(B8 Mm%

(Cumulative) distribution function

« Py(x)IXEERIER LD

Py (x) is monotonically non-decreasing.

Py(x) =P(X <x)

e Ilim Py(x) =1 e lim Pyx(x)=0

X— 00 X—>—00
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E%ﬁﬁﬁ%%%{@i%@eﬁnition of continuous random variables)

EE R Eﬁ.ﬁfi EGE] 5';réﬂ(Probability density function)

UTZimt=9 B#ipy 8RR OERZEERBREIT S,

A function py satisfying the following is called the probability density function of a continuous
random variable X.
X

Pe(x) = j py (")

— 00

%z\u*(Meaning)

EfEREHXA. EKf[a, D]ICABERFILUTORESTEZA NS,

A continuous random variable X is included in the interval [a, b] with probability given in the following integral:
b

PX€la,b]) =PX<b)—PX<a)= f px (x)dx

ERERERXE IR—VICEEOHMEEZFmM-THERTERER
Z5ZHETERSND,

A continuous random variable X is defined via a probability density function
that satisfies properties presented in the next page.
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MERZEEHD '|‘$’§(Properties of probability density functions)
JE & 1 (Non-negativity)
px(x) 20

’%&ﬁ#ﬁﬁ?@%KEﬂb\% « (From the fundamental theorem of calculus)
Py(x) = px(x) =0
AFERIE T HEE D EFRER D ENSHES,

The inequality is because the distribution function is monotonically non-decreasing.

IE%E'“Z(Normalization)

j_o:opx (x)dx =1

'|$'§9}1_)r£10 PX (X) = 175\ro~ (From the property 3}'1—>nolo Py(x) =1)
(00]

1= lim Px(x) = j pyx (x)dx

X— 00
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E,ﬁﬁﬁ$?"§5{®ﬁﬂ ?#1_5 |[E (Expectation of a continuous random variable)
RTEMAZBE N f EEERT RN LT, BIFEE[f (DU T TEERERIND,

For a deterministic function f and a continuous random variable X, the expectation E[f(X)] is defined as
(00)
BFOOT = | fGpxGda
(00

0) = Slgnlflcance of the definition)
f(x) = x&EL T, ERITBERDIZE D BAGHLRICIE > TSI L& fERT 5,

Let f(x) = x and confirm that the definition is a natural generalization of the discrete case.

X fEl(—00, 0)ZNEDRREIZHEIL . XD (xp, X041 ] ISADIERZED,ET B

Decompose (—, ) into N intervals and let p,, denote the probability with which X is included in (x,,, x,,41].

(—OO, OO) = (xler] U (xZI x3] U---U (xN' xN+1)' Xn+1
Pn = j px (x)dx

—OOZX1<X2<"‘<XN+1:OO, Xn

XOHFEEZ L THOEUT BEEREHE P(Xy = Xpt1) = P,

FNENX EXyET B,

_ P(Xy = Xn) = Dn,
Let X,y and X, denote discrete random variables that approximate
the expectation of X from above and below, respectively. IE[ )_(N ] < IE[)_(N]
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E%ﬁﬁﬁf—‘&%éﬁﬁw),ﬁﬂ ?#ﬁﬁ(Expectation of a continuous random variable)

FTARTOnIZFL T, x4 — x5 = 0ETEDIBEN > 0 TUTEHERET 5o

Confirm the following in the limit N - oo, where x,,,; — x,, = 0 holds for any n.

Jim E[Xy] = lim E[Xy] = E[X]

p1r1nin = min pX(X)t-d—%)o (Letp" =  min py(x).)
XE(Xn,Xn+1 X€(xtn Xn+1]

X € (xnr xn+1]':+‘-|-L/-tpn = prrlnin(xn+1 o xn)fd:@—(‘:\

For x € (x,,X,41], We have p, = p™"(x,., — x,). Thus,

N N

E[Xy] = z Xn Pn = Z Xy PR (Kpgq — X)) = J_ xpx(x)dx = E[X]

n=1 n=1

BIFRIZ. p'®* = max py(x)ETHE.

XEXnXn+1

Similarly, let pi*®* = max _pyx(x). Then,
XE(XnXn+1
N N .
IE[XN] = Z Xn+1Pn S Z X1 P (Xpg1 — Xp) 2 j xpx (x)dx = E[X] -
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jj\'jxﬁj\ﬁ(Gaussian distribution)

EERTBXDOERZER M, N UT TEZAONDESE,
XIEADRDMIZHSIEE L. X ~ N(u,02)EEL,

A continuous random variable X is said to follow the Gaussian distribution and
written as X ~ V' (u, 02) if the probability density function py of X is given by

1 _(x=pw)?
px(x) = \/ﬁe 202, X € (—o0,0)

ADADHIE EERB/TIEERDTELEEND,

The Gaussian distribution is also called normal distribution in probability theory.

5I§(Remark)

MERF ERERpy . ERIEEHEET-T . GIEAEER)

The probability density function satisfies the normalization. (The proof is omitted.)

_(x—w)?
202 dx =1

© 1
——e
—[—oo\/ZTL'O'Z
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j] rbx VFHO) $i’J Mean of the Gaussian distribution)

X ~N(u,o)IZFL T, (For x ~ ¥(u,02),)

E[X] =u
z1F BH (Proof) X c0 1 _(x—w)?
E[X =J X e 20? dx
—o0 V2mo?

u=x-— M&%;ﬂ%?@?ét~ (Under the change of variables u = x — u,)

2 2

u u
u e 202du+u e 202du
V2mo? o V2mo?
| _u?
— 'LLJ e 202du — U
—ooV21o?

2EHDFSIIBWEDEBOTENIE. ZERDF
ERFEEBRMOEREEFHEIHED,

The second equality is because the integrand is an even function. The last follows
from the normalization of the probability density function.

11



j] "73 \7Fﬁ0) ﬁf{ Variance of the Gaussian distribution)

X ~N(u,o)IZFL T, (For x ~ ¥(u,02),)

VIX] = E[(X — w)?] =

&IEBA (Proof) o0 1 _x-w?
V[X] =f (x — pu)? 2 202 dx

u=(x—p)/obEHEBL, S EDETITOE.

After the change of variables u = (x — @) /o, performing the integration by parts yields

—af u? —e Zdu—a [—u—e 2]

[ L % j = T
+02 —e 2du=o0 —e 2du=o0
OOV OOV

REDFST, HEXZERROERELEHZRAL,

In the last equality, we have used the normalization of the probability density function.
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jj\'jxﬁj\ﬁo)'l‘ig(moperties of the Gaussian distribution)

0.5

03

px (x)

0.1
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3|Zi’>j @E‘l‘ﬁ (Computation of mean)
ERFERYENUTZEE T —HRERERXOTEHZHEE L

Compute the mean of a uniform random variable X of which the probability density function satisfies
(b—a)™! forx € [a,b]

0 otherwise

px(x) = {

—a? a+b

00 b x 2 b b?
E[X] = Lo xpx(x)dx = ja dx = lz(b _ a)]a - 2(b —a) )

b—a
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N— B .
};E’E'(Exermse)

\J

?E*ﬂﬁﬁﬁ’i*ﬂx@ qzi&]jé?l'ﬁﬁéio (Compute the mean of an exponential random variable X.)

Py (x) = e * forx=>0
X 0 otherwise

5703XEE$§§&X0):|11’5§§+§‘@J:0 (Compute the mean of a Laplace random variable X.)

px(x) = Ee"’” for x € (—o0, 00)
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