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'|§$|§t [ZHE.[ A\ (What is information?)

FHRER TIL, [T ZERITEL TLDA TR LELN,
FHEREIT DDICHELGENFIIDRSZZHRT Do

In information theory, we do not discuss what information represents. We discuss
the length of a string required for representing the information.

Q1 E2ERMEEREEZZELFELI=D ? (Did you graduated from TUT?)
A1:0 [0 ves)=0. LM VZ (Noy=1
Q2: %= IES HDEHBTIHREEBANELT=H ? (Did you eat rice this moming? )
A1:1
AMMDAENEELGEMIINTEEATHHN., BEMIEELLEZIRED T,
BZEZADEBREFEELBLRILEALT,

A1 is an answer to more important question than A2. However, the answers have the
same amount of information as each other since both questions are two choices.
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*Ea;ﬂo)ﬁﬁ$£§&wultiple random variables)
SEDHMERTHX, Y, 2)ZRFFICERY KL=,

Treat three discrete random variables (X,Y, Z) jointly.
] B55 A% 22 (Joint probability)
EODRERMMERERX, Y, )M (x,y, 2)TMAHHERD, ,, = 0FED D,

Determine the probability p, ,, , with which three discrete random variables (X, Y, Z) take (x, y, z).

PX =x,Y = v, Z = z) = Px,y,z Z Px,yz = 1

f=1=L. #FE(x, y, 2) B EY 35T R THOHAEHEFIZELTERLGN S,

The summation is over all possible combinations of (x, y, z).

15']7 N (Example 7.1)

=DDMEFEREZEII(0,0,0). (0,0,1). (0,1,0).(0,1,1). (1,0,0). (1,0,1).
(1,1,0). (1,1, DZHEER1/8 TS,

The three random variables take (0, 0, 0), (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1)
with probability 1/8.
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JE) 38 7 38 (Marginal probability)

P(X,Y) = zIP’(X,Y,Z =z), PX)= zIP’(X =x,Y =y)
VA y

BHEzE= Xy ERY 55T A TOEIZEAL TERLN S,

The summation is over all possible values of z or y.

thDERELRDEAESHEICHATHEDHERLRKICERZIND,

We define marginal probability with respect to the other combinations of the random variables similarly.

Jﬁ EEE$0)§+§(Computation of the marginal probability)
15']7 . 0)173"%[:% iﬂﬁEE’é?r%iTéo (Compute marginal probability in Example 7.1.)

1
P(X:O'YZO):IP(X:O,YZO,ZZO)‘FP(X:O,Y:O,Z:]_)ZZ

R4k, ,

smiy,  PE=0Y=D=PX=1Y=0=PX=1Y=1)=7
LI, 1

- PX=0)=PX=0Y=0)+PX=0Y=1) =3

Furthermore, 5
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& {4 {7 = HE 2 (Conditional probability)

P(X,Y,Z) P71X V) — P(X,Y,Z)
P(X) ' (Z1x,v) = P(X,Y)

thDERZEHOEAEGHLEICHTHIRMEMSHERLERICERIND,

We define conditional probability with respect to the other combinations of the random variables similarly.

P(Y,Z|X) =

%ﬁ:’ﬁ'g’ﬁﬁﬁmE‘|’§(Computation of the conditional probability)
BlI7 ADGEICEKBEHESHEREZTRE T 5,

Compute conditional probability in Example 7.1.

IP)(Y_OZ_le_o)_]P’(X=(),Y=(),Z=O)_1
ST T T P(X = 0) 4
IP(X—OY—OZ—O) 1
P(Z=0|X=0Y=0) = _
( | ) = P(X =0,Y =0) 2
—DIHE
In this case, P(Z|X,Y) = P(Z)
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¥4 37 % (Independence)

R RN EHERLERDOEDERDEICHEINDILE,
HEREHRXY, DI EMFEENS,

Random variables (X,Y, Z) are said to be independent if the joint probability is decomposed into
the product of the individual marginal probability of the random variables.

P(X,Y,Z) = P(X)P(Y)P(Z)
FE S OPWX,Y) = POOP®Y),PX,Z) = P(X)P(2),P(Y,Z) = P(Y)P(Z)

Remark x :

ﬁﬁ'lid) ,Jé._,'t %(Signiﬁcance of independence)

XY, Z)DNHIADEE KU SHERIFHITIREFLIL,

If (X,Y,Z) is independent, the conditional probability does not depend on any conditioning.

P(X,Y,Z) PX)PY)P(Z)
PCO  PX)

—HHEMEFEDFSEA HMIEDEERERNORED,

The second and fourth equalities follow from the definition of the independence.
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P(X,Y,Z) = P(X)P(Y)P(Z)

P(Y,Z|X) =

= P(Y)P(Z) = P(Y, Z)




,ﬂ ?#ﬁﬁ(Expeotation)
5*%%@%7;55%&]{(% VY, Z) (:;("‘TL,—C\ (For a deterministic function f(x,y, z),)

Ef (XY, 2] = ) fG0y,2PX=xY=y,7=2)
(x,y,z)

BRI (x,y, 2) BERYSETRTHOHEAEHLEICEALTERLSNS,

The summation is over all possible combinations of (x, y, z).

%ﬁ: N’ %,Eﬂ ‘T%{IE(Conditional expectation)

5*1%5@%7‘;@%{9 (y, Z)th(Z)(:JX\TL'C\ (For deterministic functions g(y, z) and h(z),)

Elg(, DX =x] = ) g, 2P =y,Z = 21X = x)
v.,2)

Elh(Z2)|X =x,Y = y] = z h(z)P(Z =z|X =x,Y =)

WBHIX @, 2)FEzBRYS5T X TOHEAEHLEICEALTRLNS,

The summation is over all possible combinations of (y, z) or z.
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E%ﬁﬁﬁ%%%&@%é@a% of continuous random variables)

SEDEFEEREH(X,Y, 2)ZRIFFICERYHKL=LY,

Treat three continuous random variables (X, Y, Z) jointly.

BEEL DG S DEREMBMZEINENHERFEERBRERSICESIRZ S,

Replace the probability and summation in the discrete case with a probability density function and
an integral, respectively.

5] B3 7 22 (Joint probability)
(X,Y,2)D'BRTEBMHNDESAIZAIEEIILUT TEREINDS,

We define the probability with which (X,Y, Z) is included into a set A in the 3-dimensional space.

IP((X, Y,Z) € A) = Pxyz(x,y, z)dxdydz
(x,y,z)EA

T:T£L~ E H#ﬁﬁﬁ%ﬁ‘glga;&px’y,z(.?(, Y, Z) (j:u_ltéiﬁf:j_o

Here, the joint probability density function py ,, z(x, y, z) satisfies the following:

j j j pxyz(x,y,z)dxdydz = 1
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‘Efﬁ E_._* %’!ﬂwi% (Case of continuous random variables)

JE ﬂﬁﬁ _._“‘E‘FE_ F;EE] yf{ (Marginal probability density functions)
PX,Y(X, y) = j pX,Y,Z(x; y,z)dz, px(x) = J PX,Y(X, y)dy

{5 = FE 22 2% BE B 2 (Conditional probability density functions)
Pxy,z (x,y,2)
Pxy(X,¥)

G zlx) = PxrzoY2) Gy =
Py,z|x\ Y, Py () , Z|X,Y ’

X8 37 1% (Independence)
R TR A S HEE T O B DR B R R OB =
DEEINDEET HERETHX, Y, 2) [T EFITN D,

Random variables (X,Y, Z) are said to be independent if the joint probability density function
is decomposed into the product of the individual marginal probability density functions of the

random variables.

PX,Y,Z(x» y,z) = px(x)py(y)pz(2)
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E‘ﬁﬁﬁi yﬂ@i%é(Case of continuous random variables)

i

HA
/;{EEE E’J&Fﬁl%"ﬂf(x Y, Z)( J"'J'L/—C (For a deterministic function f(x,y, z),)

|E (Expectation)
B YDl = | [ | @y 2peay.ddyds

%ﬁ: ﬁé‘ ,EH ?# ﬁE(ConditionaI expectation)

/kE E’J&Fa?]%‘ﬂg (y, Z)th(Z)(»ﬂ'L—C (For deterministic functions g(y, z) and h(z2),)

E[g(Y,Z)|X = x| = j f 9, 2)py z1x (v, z|x)dydz

E[R(Z)IX = x,Y = y] = f R(@pzixy 2l y)dz
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,Hﬂ ?#1E®'|‘$E(Properties of expectation)
EMERTHTRTET S, BERDEEICBLRICEE YLD,
Continuous random variables are assumed. However, the same properties hold for the discrete case.

— & % (Consistency)

R R iy , | CBE T BX DEIFHENE . DR
IZBB Y BXDEHEL— BT 5.

The expectation of X with respect to a joint probability density function py y 7 is equal to that of X
with respect to the corresponding marginal probability density function py.

l

ﬁFiEﬂ’ﬁk&px

IE[X] — r j j pr,Y,Z(x' Y Z)dXdde

_r x{f f pX,Y,Z(x;y'Z)dde}dx:J xpy (x)dx

REDFSIL, FIERZERERBODERNKD,

The last equality follows from the definition of the marginal probability density function. -
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,ﬁﬂ ?#1E®'|‘$E(Properties of expectation)
$R T2 (Linearity)
E#MalblZXFLT. (For real numbers a and b,)

E[aX + bY] = aE[X] + bE[Y]

XEYICET HMDEHEAELGIEITER

Note that X or Y does not require any conditions.

S DIERZTEDNDS | (From the linearity in integral,)
ElaX + bY] = J J (ax + by)px y(x,y)dxdy

=a f f xpxy(x,y)dxdy + b J f YDxy(x,y)dxdy = aE[X] + DE[Y]

REDFSIL, BIFED—EIEN U,

The last equality follows from the consistency in expectation.
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BA1FE D T4 & (Properties of expectation)
MR P wiﬁ(Product of random variables)

f&g’é;’ki%ﬁﬂ‘]@%éﬁ&tﬁ’éo (Let f and g denote deterministic functions.)
(X, Y)?f)%ﬂﬁti%[i\ (If (X,Y) is independent,)

Elf(X)g(Y)] = E[f COIE[g(Y)]

BROEEE, BEXEHTHFED DRI TEGL,

In the case of the product, the expectation cannot be decomposed with no conditions.

JRILTED TE Fepyy (x,¥) = px(Opy (V) D5,
From the definition of the independence pyx y(x,y) = px(X)py (¥),

E[f (g = Jr_ Jr_ f@)g)pxy (x,y)dxdy
- Jr_ f_ f)g(px(x)py (y)dxdy
Jr_ f()px (x)dx j_ IgMpy»)dy = E[f(X)]E[g(Y)] =
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ﬁ‘f’ﬁ ?Tkl"’n?ﬂf.(Arithmetic coding)

0F=IF1ZMEARI2DZERINSEEZ D, =1L, BEETONRLET S
HBERZ2/36L, ELAMNEDHFIIMILICRETHEDET S,

Consider a binary sequence S of length 2 that takes 0 or 1. Assume that 0 occurs with probability
2/3 in each position and that 0 or 1 occurs independently in different positions.

X [ 43 El| (Interval division)

I 0+ I 1+ I
0 z 1
3
I 00 I 01 I 10 I 11 I
0 é 9 § 1
9 9 9

RINDFEEERNTNICT DEBDORSICHFLLLGEDEIICHET S,

The occurrence probability of each sequence is equal to the length of the corresponding interval.
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ﬁ‘f’ﬁ fgf%"t(Arithmetic coding)
fIrT’J‘-'"E.l:_'”:.(Encoding)

BANRHsIZHLT . mg =[-log, P(S =)+ 1&F 5, sDFFIEEL
T. WG THXREDPRD2EMKRITEMEVLTITEY =0 D EES,

For each input sequence s, let mg = [—1log, P(S = s)] + 1. As a codeword of s, we select the sequence
obtained by truncating the binary representation of the midpoint in the corresponding interval up to mg bits.

[a] (i%%&al&tt@%/]\@%&ﬁqa] is the minimum integer greater than or equal to a.)

B% ausEsHmT3RMICA>TORIE, BETES, (BHEER)

Decoding If each codeword is included into the corresponding interval, decoding is possible.

ENFERE | L](Average code length E[L])

S — 5152, S = 5152&3—’5&, ]P(S — S) — ]P)(Sl — Sl)IP)(SZ — Sz)fdto)—cs\
ForS = 5,5, and s = s;5,, we have P(§ = s) = P(5; = 51)P(S, = s,). Thus,

E[L] = stP(S =5) < — z Z P(S; = s;)log, P(S; = s7) + 2

i=1,25;=0,1
Z"%Etd)ﬁﬁf[a] <a-+ 1§1§0T:o (In the derivation of the inequality, [a] < a + 1 has been used.)
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ﬁ‘f’ﬁ ?T’Jr"’:'?ﬂf.(Arithmetic coding)
FEEMNIET HRM[ICEEN TSI ETERE L,

Confirm that each codeword is included into the corresponding interval.

AN FEE.EEZANDOREEELAKRKEZVEIZZENENsD, .., sW |
C1, -, Cgn [Llr Rl)l . [L4, R4)t-d—éo Ci > ngéiEEﬂ L/T:L\o

~ KY 72 i i W ~
m o E2EHMESEC; = 0.b,” by, DEVMRET BE DEEMND.
S
Let s, ...,s® ¢y, ..,c4, and [L1, Ry), ..., [L4, Ry) denote the inputs, codewords, and intervals arranged
in descending order with respect to the input occurrence probability, respectively. Prove ¢; > L;. Let

myi be the bit length of the binary representation ¢; = 0. bfi) b,(,?( . From the definition of ¢;,

L; + R; - [P(S — S(i))

i)

¢ < z 277 = 27™M® = p~([-logz P(s=sD)]+1) <

j=ms(i)+1

2
v —|la] £ —afora >0

REDRER, — L; = P(S = sO)&[ES L,

Using the interval length R, — L; = P(S = s(V) yields

Li+R, P(S=sY) Li+R R —1L
2 2 2 2

Ci> =Li

TOYOHASHI
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'|%$|§§(The amount of information)
T > kAE—Entropy)
M ERTEHXICLT. XDIVMAE—HX)Z LU T CTEET 5,

For a discrete random variable X, the entropy H(X) of X is defined as
H(X)=—Z[P’(X=x)log2[P(X=x), Olog, 0 =0

X
.:“S*D lixd)HR (’) :)éﬁﬁéﬁﬂ:&é\o (The summation is over all possible values of x.)

JILEIHEEE(Direct theorem)

RENOHIR—RTITDIAHNEVRRIIS =S, - SyDIZFEIC
RS EZERT L. FHFESRE[LY] U TZRE=T,

Applying the arithmetic coding to an independent and identically distributed input bit sequence
S =5, Sy of length N, we find that the average code length E[Ly] satisfies

1 2
NIE[LN] < — 2 P(S; = s)log, P(S; = s) +N — H(S;) asN —» o
s=0,1
TOYOHASHI
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'%*&%(The amount of information)

iEIHEIE(Converse theorem)
WHERFFIEZELTH, FRAFSRE[LY]IIUTOFRFXZEE=T,

For any coding method, the average code length E[L,] satisfies the following inequality:

1
lim ~E[Ly] > H(S1)

N—>o00

EIE BH (i'l%*&iggﬁi@ Eﬁ%%%ﬁ“(mam Information Theory for the proof.)

IEEEEFEEZEHE T, FWMRTFSEEEET S,

The combination of the direct and converse theorems is called source coding theorem.
T>kO E—O)?E.i'n\u*(Meaning of the entropy)

IVMAE—IX BiAF—7HI 2ERICRVLDEVFRIZERELT-
EEDEMREERDOERBRICFLL,

The entropy is equal to the theoretical limit of the compression rate in compressing an infinitely
long bit sequence that has independent and identically distributed elements.

IVMOE—[ET—2DORENZRRE (TEIS)ZTRT

The entropy means the amount of essential information (uncertainty) on data.
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I kAE—® E’I’ﬁ(Computation of entropy)

15']7.1 (Example 7.1)
BERRFERE XL, HERpTOZHY ., FERL — pTIZEMBDET 5. XD

IVAOE—FHE &, SHI2,. IVMOE—DARKICHED pZFEA L,

A discrete random variable X takes 0 and 1 with probability p and 1 — p, respectively.
Compute the entropy of X. Furthermore, answer p maximizing the entropy.

HX)=-PX =0)log,P(X=0) —P(X =1)log, P(X =1)

= —p ]ogz p— (1 — p) 10g2(1 - P) = h(p)

BE#h(p)Ep =1/20 &SI LT —
RAE1ZES,
The function h(p) takes the maximum 1 E
atp =1/2. E/
0 1/2 1
p
TOYOHASHI
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N— B .
};E’E'(Exermse)

BEEEERET XL, -1, 0. 1ZFENENHEERL/6.1/3. 1/2THS,
XOIrAE—%Z5tEH &,

A discrete random variable X takes —1, 0, and 1 with probability 1/6, 1/3, and 1/2, respectively.
Compute the entropy of X.
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