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n }f H"] E @ﬁ@Zﬁ%ﬁ{%ﬂ% (Additive white Gaussian noise channel)

F1EEZREMP. NTELOBEVATAIZ, FEREREN THEMRLE
BEAVARBEDOEEEZERBLILBERETIVEERAS,

In the communication system summarized in Lecture notes 1, p. 11, consider a channel model that
takes into account the influence of white Gaussian noise, discussed in Lecture notes 6.

n
Yn=xb<W)=Xn+Wn, Tl=0,...,N—1

7][1 /Z_E E"] E @ﬁsbxgﬁﬁ%mdditive white Gaussian noise)
(WHHEIIL T, BW, [ LFH0R B2 DA I AR HIZHS,

{W,,} are independent and each W, follows the Gaussian distribution with zero mean and variance ¢?2.

ﬁ{% %%(Transmitted signals)

(X HIHEEMILT, UTOFEYENFRZEE =T,

{X,} are independent of the noise and satisfy the following average power constraint.
N-1

E[|Xp1?] <P
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=5 L) § 32 (Error probabilty)

= 1:LT.BPSKIEB X, = +VPDIEEEEZ D, Y, > 0D EEIC
XO = VPO, Y, S 0DEZFITX) = —VPHIMEESNIZLDEHITET S
ZEITT B, COEFAARXDEVFBYREHEE &L,

For N = 1, consider transmission of the BPSK signal X, = ++/P and a method in which

X, = VP is detected if Y, > 0. Otherwise, X, = —V/P is detected. Compute the bit error
rate (BER) of this demodulation method.

Xo = —VPIMEESINEFIZ RO THET SHEIILUTTEALNS,

When X, = —V/P has been sent, the error probability of detection is given by

0 (e 0] 1 (y+\/F)2
P(o > 0} = —VP) = | oy, O1-VP)dy = |

AL
0 Znaze 4y

E‘Tﬁfi }:E}E7 1 O)IE:}IJ an:E’J'}ﬂE\ See another proof of Theorem 7.1 for the last.)

u = (y + \/_)/O'&ak W?@?é&s (Under the change of variables u = (y + VP)/a,)

00 1 uZ \/ﬁ
P(Y, > 0|X, = —VP) = —e_TduEQ(—>
(0 |0 ) \/ﬁ/am o
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=5 L) % 22 (Error probabilty)
BERIZ. Xy = VPOMEIESN - EE(2, RAERIIUTTEZLNS,

Similarly, when X, = v/P has been sent, the error probability is given by

_\/_/O' 1 uZ (0'0) 1 u2 (\/ﬁ)
P(Y, < 0|X, = VP f —e Zdu—f —e 2du=0\—
(Yo |Xo P) = - Q -

“EEHDOFESIE AR OEREEREBOMIENLHED,

The second equality follows from the symmetry of the Gaussian probability density function.

J:’D—C |: ‘Jl‘nA U &BERH: LR tf&é (Thus, the bit error rate BER is given by)
BER = P(X, = —VP)P(Y, > 0|X, = —VP) + P(X, = VP)P(Y, < 0|X, = VP)
= Q(VSNR),  SNR = P/c? .

BEDIEB xS LLSNRTIL.
BERIZOIZAE 570N,

For finite signal-to-noise ratio SNR,
BER is strictly positive.

BER

o 2 4 6 5 10 12 14
101lo SNR
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n';'é L)1 LfT’J‘-"":'?(Repetition coding)

BPSKIEE X, ZNE#EYRLIZIET D,

Consider N repetitions of transmission of the BPSK signal X,,.

X, =Xy forn=0,..,N—-1

18 R (Demodulation)

BB FSIELELOGZEICRESE S,
Reduce the demodulation problem to the uncoded case.
N—-1

N-1
Z= ) Y, =NX,+ W', W’=2Wn

n=0 n=0
EBNX,[EENVPEERD, WILEE7.1MSW' ~ N(0,No?)TH5,
The signal NX, takes +N+/P. W' ~ N'(0,Na?) holds from Theorem 7.1.

Uk
Bit error rate BER = Q NZP — Q( NSNR)
No?

FEREREDBEN - 0T, EVFRYZFRIERIZINEKT S,
The bit error rate converges to zero as the code length N tends to infinity.
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{Z_Kﬁ L— I‘(Transmission rate)

’f JEI/ |‘Transm|SS|on rate)

11: LXNT=1EHE Y2 (Transmitted bits of information)
N

[bits/s/Hz]

filr"’n?'[tﬁ L@iﬁ = (Uncoded case)

1R REY1EVEDERETET B,

One bit of information per channel use is sent.

R = 1 bits/s/Hz

El) IR LA‘J"’?(Repetltlon coding)
1H#,métul/zvtum;.,wmw'lﬁﬁmm_mfa% P
N

1/N bits of information per channel use can be sent without errors.

BEDL—FR > 0T, RRYLGLDIEIEIFEIR [ EEMN?

Is it possible to realize error-free transmission for a finite rate R > 0?

TOYOHASHI

UNIVERSITY OF TECHNOLOGY




#H B [F# = (Mutual information)

EH{+E T2 FAE —(conditional entropy)

YWNEZoNT-LEDREBERERH X DEMHHFESIUFOE—ZLUTTEET B,

The conditional entropy of a discrete random variable X given Y is given by

H(XIY) = E[F (V)]
F) = HXIY =y) = = ) P = x|Y = y) log, P(X = x|Y = y)

,%'t\u*(Meaning)

ZEHfFEIrPOE—IL, YZERBIL-EEDXICET AR ENSERT,

The conditional entropy means the amount of uncertainty on X when Y has been observed.

B B & R = (Mutual information)
I(X;Y)=HX)—- HX|Y)
YZERIL=EFIZXICEALTRLONAFEHR=

The newly obtained amount of information on X when Y has been observed.
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Efﬁ,@%é (The continuous case)
Eff‘ﬁﬁﬁzaﬁéﬂ)ﬂ:ﬂ L,'C « (For a continuous random variable X,)

4 T2 O E — (Differential entropy)
h(X) = —f px(x)log, px(x)dx,  0log, 0 =0

MATUROE—ICTUMAE—® KSR ERITEERRITTELY,

The differential entropy does not have operational meaning such as entropy.

L =My T O to—(ConditionaI differential entropy)
h(X|Y) = E[f(Y)],

FO) = h(XIY = y) = — j Dy (x1y) loga pyiy (x]y) dx

#B B 5 # = (Mutual information)

I(X;Y) = h(X) — h(X|Y)

%ﬁﬁ&o) i’%é’ E[a] C%E\H*(The same meaning as the discrete case)
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4

1%&]\1.\/ ;A E—O)E'l'%:(Computation of differential entropy)

15']8.1 (Example 8.1)
EMERETHX L. RE[0,a]l £ D—HAFICHRSIET B,
XOWMHrIorOE—%25tEE &,

A continuous random variable X is uniformly distributed on the interval [0, a].
Compute the differential entropy of X.

EENo, XOERZFEBRRIILUTTEZLND,

By definition, the probability density function of X is given by

Dy (x) = a!l forx € [0,qa]
. 0 otherwise

&2 T, (Thus,) a1 1

Zlog,—dx =1
~logy —dx = log, a

h(X)=—f

0

a<1DEE . WMHETorOE—h(X)IXAIZHES,

For a < 1, the differential entropy h(X) is negative.
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551% E%ﬁ:%{t J:I_E IE(Channel coding theorem)

FERERRKDIBRN - oT, RYLGLDIGEZRRTHHFSILHEN
FHEIDHDBLETDEHIE AZEL—FR < CZHE=ITETH S,

There exists some coding method such that error-free transmission is possible as the code length N
tends to infinity if and only if the transmission rate satisfies R < C.

551 E%%q:%(Channel capacity)

il

EERHN{X, W2 I T, RIEEIXEHONBP DAY RAFIZHRED,

The signal sequence {X,}'-3 are independent. Each signal follows the Gaussian distribution with
zero mean and variance P.

EIE Eﬂ (i'l%#&ﬂﬁﬁd)Eﬁ%’&%ﬂm(mam Information Theory for the proof.)

fi,r%z\(Remark)
FOANEREToTVARY . BIERBTELERTEARL,

Digital modulation can never achieve the channel capacity.
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ﬁ{%ﬂ%§§®§+ﬁ(Computation of the channel capacity)
*ﬁ 8.1 (Lemma 8.1)
X ~N(u,oH)IZXHL T, (Forx ~ ¥(0,62),)

1
h(X) = Elogz (2mec?)

EIEEE(Proof)
%6 @Eﬁ%ﬁ*—l—?ﬁ\% « (From Lecture nodes 6,)
(x — w)? 1
~log, px(x) = ~——5"log; e + > log, (2n0?)

/

ﬁﬁﬁj\lf/ ~O tO—O) JT'_E %%1%5 & « (Using the definition of differential entropy yields)
h(X) = - f px (x) log; px (x) dx = —E[log; px (X)]

_E[(X = )?]

202

1 1
log, e + Elogz (2mo?) = Elogz (2mec?)

E[(X-w?]=0? ™
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1B 15 IR B = D 51 E (Computation of the channel capacity)

FHTES.2(Lemma 8.2)
EHTAERET X EYIZx LT, (For continuous random variables X and Y,)
I(X;Y)=h(X)—h(X|Y) =h(Y)—-h({|X)

EJ_—I: Hﬂ (Proof)

ﬁ H#EE@"EJJ_ FE] yﬂ@) E7f)\l:> (From the definition of joint probability density function,)

pxy(X,Y) pxy (X1Y) _ Py x (Y1X)

px(X)py (Y) - px (X) - py(Y)
X,Y
log, Pz)z}gpy(g) = —log, px(X) + log, PX|Y(X|Y) = —log, py(Y) + log, PY|X(Y|X)

':F' &E @EH 1#1 ’EHY%& (Taking the expectation of the middle and right-hand sides yields)

h(X) — h(X|Y) = h(Y) — h(Y|X) -

TOYOHASHI

UNIVERSITY OF TECHNOLOGY

12




551% E%@% D) E‘I'E(Computation of the channel capacity)

BERARE 1 P
i %é% C = =log,(1 + SNR) [bits/s/Hz], SNR = —
Channel capacity 2 02

EIE Eﬂ IHEEE7 0D }EJ'” EIE 75\ E) « (From another proof of Theorem 7.1,)

Proof 1 _(y—x)?
Py, 1x, V%) = e 207

2ma?
J:’J_Cs *ﬁ%S-‘l j&%ﬁﬁ—cs h(Y()IXO) = 2_1 lng (Zneaz)é?sféo

Thus, we use Lemma 8.1 to obtain h(Yy|X,) = 271 log,(2med?).
SHIZ, BEB7AMS. Yy ~N(0,P +0?)TH5H, LT=H2T,

Furthermore, Theorem 7.1 implies Y, ~ N (0, P + ¢2). Therefore,

h(Yy) = %log2{2ne(P + ¢2)})

FHEE8.2M5. C =1(Xy; Yy) = h(Yy) — h(Yo| X)) ZFEHE T 5 &,

From Lemma 8.2, we evaluate C = 1(X,; Yy) = h(Yy) — h(Yy]Xy),

1 o1 2y _ 1 P
C = Elog2{2ne(P +0°)} — 510g2(2ﬂ€0 ) = Elogz 1+ 52
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7‘99)[/%5@ @tt%ﬁ(Comparison between digital modulation)

Capacity

23 PAM

22 PAM

BPSK

4

N

L 35+

2]

&

53 3

> 25t

>

~ 2

-

O

215 ¢t

S

NS, 1

c

S 05

5

=
-10

I TOYOHASHI

5 10 15 20

25

30

14



5§%‘(Exerci3e)
EMEERTHXOEERZEEMI. LT TEALNDLDET D,
XOWMHrIorOE—%5tEE &,
The probability density function of a continuous random variable X is given as follows.
Compute the differential entropy of X.

Py (x) = e * forx=>0
X 0 otherwise

UTOIMENS TSR EEREZE LT, BPSKIESX = +/P%
EiET B,V > 0DEZITX =VPHA. Y S 0D EZITX = —VPHEE
SNE=LDEHIET D, COERARDEVMRYFEZHEE L,

Consider transmission of the BPSK signal X = ++/P over the following additive Laplace
noise channel. X = /P is detected if Y > 0. Otherwise, X = —/P is detected. Compute

the bit error rate of this demodulation method.

Y=X+1L
37‘)3}%&%[1@5&7‘%}};Fﬁ%ﬂ(Probability density function of the Laplace noise L)

|
pL(l)=§e‘“”, [€ (—0o0,0), 1>0
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