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7][] /2;? E’] E @,jj r?x;’;'ﬁ’i 1.:. f'l:% (Additive white Gaussian noise channel)

F1EEREMP. NMNTEREDO-BEVATLIZ, FoEGEREN CTamml 1=
HEBEADAHED ?3*.5.“”&%FEL7‘*J_1_E§=E IWEEZ B

In the communication system summarized in Lecture notes 1, p. 11, consider a channel model that
takes into account the influence of white Gaussian noise, discussed in Lecture notes 6.

n
Ynsz(W)zXn+Wn, n=0,..,N—1

IERI B A ™9 A (Additive white Gaussian noise)
(W HIIRIL T, EW, (ETFHOR B> DH DR TIZHES,

{W,,} are independent and each W, follows the Gaussian distribution with zero mean and variance 2.

%1% %%(Transmitted signals)

(X HEMB LRI T, LTOEHE AR ZEH=T

{X,} are independent of the noise and satisfy the following average power constraint.
N-1

E[|Xn|?] < P
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5&11@:7]"7ZEE$£§&@*D (Sum of independent Gaussian random variables)

IHEEE8.‘| (Theorem 8.1)
JRITIGH D AMERERX, ~ N (ug, 07)EX, ~ N (g, 05)IZRLT,
For independent Gaussian random variables X; ~ N (uy,02) and X, ~ N (uy, 05),

Y =X; + X, ~ N (g + tp,0f + 03)

EIE Eﬁ (Proof)

HOREERERDOIDNA DA TICHSIEDIRITERT S, Lo T,
YDEHEREMENT N U, + pbof + 0i THDZEFTEIL LKLY,

We omit proving that the sum of Gaussian random variables is also Gaussian. Thus, it is sufficient
to prove that the mean and variance of Y is u; + u, and of + o5, respectively.

/EH ‘T#ﬁﬁ@ﬁ‘;iﬁ?'@’&{ﬁats (Using the linearity of expectation yields)
E[Y] = E[X;] + E[X2] = ug +

RIS DN TIE RR— DF#H-E TR Y 4,
See a lemma in the next page for the variance.
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Zﬂﬁf;ﬁﬁﬁg’!ﬂ@*D @ﬁj\ﬁ& (Variance of the sum of independent random variables)

HRES. 1 I RERERX, EXLITHLT,

Lemma 8.1 For independent random variables X; and X,
V[X; + X,] = V[X;] + V[X,]
AEBAProon) g = E[X;]&Ep, = E[X,]EH <, (Let s = E[X,] and p = E[X,].)
VX1 + Xo] = E[{X1 + Xz — (uq + 12)3°] = E[{(Xy — p1) + (X2 — p2)}]
= E[(X1 — p1)?] + 2E[(X; — p) Xy — po)] + E[(X2 — p2)?]
= V[X1] + 2E[(X; — pu1) (X2 — u2)] + V[X;]
2EBDFSF. BIFHEDRIEIEN DD

The second equality follows from the linearity of expectation.

fX)=x—pukgx) =x — u, EBE X EX, DI EZRFESE.

Let f(x) = x — u; and g(x) = x — u,. Using the independence between X; and X, yields
E[(X1 — 1) Xy — uz)] = E[f (X1)g(X2)] = E[f (X)]E[g(X3)]
= (E[X1] = p)(E[X2] = p2) = (ua — 1) (2 —12) = 0 u

L ——————————————————————————————————————————————————————— /|

UNIVERSITY OF TECHNOLOGY




;HE_'EES. 1 0))'::;” %IE(Another proof of Theorem 8.1)
YDWEEZEREBMDTERZ{FD, (We use the definition of the probability density function of ¥.)

pr(y) = j prix. Vle0)px, (x)ds

FT . X DEAONT-EZDYDEHFEFTREHEEZS,

We first consider the conditional distribution function of Y given X;.

PY<y|X;=x)=PX; + X, <y|X;=x)=PX, <y —x; | X; = x1)

y—Xq1 1 _(u—pp)* ﬂz) (xz—lizzxﬂz
= IP(XZ S y - xl) — f 20_2 du = j 20_2 dXz
—o \/271022 \/27TO'2

SEBDHFEESTX, EX, DI, REDFESTEMLE Y, =u+x,ZHLV=,

We have used the independence between X; and X, in the third equality, and the change of variables x, =
u+ x1 in the last equality.

7&}/( EE] L,—thﬁ \d'%)t (Differentiating both sides with respect to y, we have)
1 (y—uy —x1)?

Prix, Ylx1) = e 203
- \ 210
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;HE_'EES. 1 0))'::;” %IE(Another proof of Theorem 8.1)

1 1 _(y—ﬂz—x1)2_(x1—ﬂ1)2
202 202

Py|x, (3’|x1)PX1 (x1) =

e
J2no? \[2no?

WPERTI O F8R-EZx [CEALTEATERT B,

To compute the integration, we complete a square in the exponent with respect to x;.

HEERED 1<1 1>x2+<y—ﬂz ﬂl)x (y —H2)® Wi
1 17

2 "2 202 202

2 2
0, Oy 0, 0,

Exponent 2

2
1of + o ot (y — uz) + ot uy (y — g — p2)?
2 1 o7 + ot  2(0% +02)

1 2 1 2

2_2
2 ofo;

ERZEERBOERILEHEE>TYICETAIENZEITOEL.

Computing the integration with respect to x; via the normalization of the probability density function, we have

2 2 (y—p1—pp)? _(y—p1—up)?

Py () = e [FTOL%E TGt - = e 200%+od)
J2no? \/27T0'12 o1 + 0, J2m(o? + 02)

m
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=5 L) 5 32 (Error probabilty)

N =1L T.BPSKIEE X, = +VPDIGEFEZ S, Y, > 0D EE(C
Xo = VP, Yy S 0DEEITX) = —VPHEESNT=LDEHIET S
ZEICT B, CDERAARXDEVFRYEEZSTE R &,

For N = 1, consider transmission of the BPSK signal X, = ++/P and a method in which
X, = /P is detected if Y, > 0. Otherwise, X, = —VP is detected. Compute the bit error
rate (BER) of this demodulation method.

Xo = —VPHMEESN LTI, ROTHET IHEEIIUTTERALND,

When X, = —V/P has been sent, the error probability of detection is given by

00 © 1 _(y+\/P)2
= — = — — 2
IP(YO > O|X0 = \/P) = f py0|Xo(y| \/P)dy = Jo — e 20% dy

ﬁ(i IE}ES 1 0)5;'!] nIE%%ﬂE\ See another proof of Theorem 8.1 for the last.)

u = (y + \/ﬁ)/O‘&%éﬂ%*@?ét\ (Under the change of variables u = (y +VP)/a,)

(o) 1 uz \/ﬁ
P(YO > O|XO = —\/ﬁ) \/_/0\/—_6 2du=0Q <7)
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=5 L) 8% 22 (Error probabilty)
RIHRIZ. Xy = VPHMBESNLEC RRBBEERIFUT TERALND,

Similarly, when X, = v/P has been sent, the error probability is given by

—P/o 1 uz (o) 1 uz \/ﬁ
P(Y, < 0|Xo = VP j —e Zdu—f —e Zdu—Q(—
(% = 0ty = VP) = & ;

“HEEDFESIE AVRSAOEEREERBOATENSHED,

The second equality follows from the symmetry of the Gaussian probability density function.

J:’J—C |: ‘J"nA L)&BER(i LI'F &7‘&6 (Thus, the bit error rate BER is given by)
BER = P(X, = —VP)P(Y, > 0|X, = —VP) + P(X, = VP)P(Y, < 0|X, = VP)
= Q(VSNR),  SNR = P/c? .

BIREDESX#ELLSNRTIL.,
BERIZOIZ/E BN,

For finite signal-to-noise ratio SNR,
BER is strictly positive.

BER

o 2 4 6 5 10 12 14
101lo SNR
TOYOHASHI 510
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#%1) 1R L 5F B (Repetition coding)

BPSKIEE X, ZNEI#EYRLIEET S,

Consider N repetitions of transmission of the BPSK signal X,,.

X, =Xy forn=0,..,N—-1

‘TEEH(Demodulation)

BB RS ELELDSEEIZFEESE S,
Reduce the demodulation problem to the uncoded case.
N-1

N-1
Z= ) Y, =NX, + W', W’=ng

n=0 n=0
EBNXEENVPEE D, WITEES. 150 BW' ~ N(0,No?)TH5,
The signal NX, takes +NvVP. W' ~ N'(0, No?) holds from Theorem 8.1.

EvhiRYE
Bit error rate BER = Q NZ2P — Q( NSNR)
Nog?

FEREREDBEN > o T, EVFRYZERFIELOIZINEKT D,
The bit error rate converges to zero as the code length N tends to infinity.
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{i)i L— I‘(Transmission rate)

{1_.‘\33 L— I‘(Transmission rate)

11: £33N T-1FE,RE v (Transmitted bits of information)
N

[bits/s/Hz]

ﬁr’%“ﬁfd: LD i’%’%(Uncoded case)

1RRELYIEVFDIRHRZEET 5,

One bit of information per channel use is sent.

R = 1 bits/s/Hz

gLl)IR L/I‘J"’?(Repetltlon coding)
1H#méwl/zvtur@n,wmun|ﬁ$&4z:ua\r=a% pol o
N

1/N bits of information per channel use can be sent without errors.

BEDL—FR > 0T, RYLGLDIGIEIFEIR [ EEMN?

Is it possible to realize error-free transmission for a finite rate R > 07
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*E E"%*E%(Mutual information)

FHEfAEIVMA to—(ConditionaI entropy)

YWEZONT-LEDREBMERER X DEHHFEIUFOE—ZLUTTEET B,

The conditional entropy of a discrete random variable X given Y is given by

HX|Y) = E[F(V)],
F) = HXIY =y) = = ) P(X = x|Y = y) log, P(X = x|Y = y)

,:E.i'n\u*(Meaning)

ZHfrEIrOE—IX YZERAIL2EEDXICET AR ENSETRT,

The conditional entropy means the amount of uncertainty on X when Y has been observed.

#8 B # = (Mutual information)
I(X;Y)=HX)—- HX|Y)
YZEBIL-EFITXITEALTRONAIFHR=E

The newly obtained amount of information on X when Y has been observed.
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E%ﬁ@%é (The continuous case)
E%ﬁﬁﬁgg*ﬂ)ﬂ:ﬁ L/'Cs (For a continuous random variable X,)

*'[;"{ﬁﬁj\ly |~ a to—(Dif'ferentiaI entropy)

(0e]

h(X) = —f px(x)log, px(x) dx, Olog, 0 =0

MAITURAE—ICTUFAE—® KGR ERIGERIEARLY,

The differential entropy does not have operational meaning such as entropy.

%ﬁ:ﬁ'%ﬂﬁﬁj\ly ;A to—(ConditionaI differential entropy)
h(X|Y) = E[f(Y)],
f) =hX|Y =y) = _f PX|Y(x|)’) log, PX|Y(x|3’) dx

#B B 5 i = (Mutual information)

1(X;Y) = h(X) — h(X|Y)

%ﬁﬁ&@%ﬁ& =] C%u*(The same meaning as the discrete case)
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'Tluijlﬁj\ly O E—O)E‘I'ﬁ(Computation of differential entropy)

15']8.1 (Example 8.1)

EGEREHX (L. RE[0,a]l L D—H D MITKSET S,
XOWHIOE—%5EH L,

A continuous random variable X is uniformly distributed on the interval [0, a].
Compute the differential entropy of X.

EEN. XDERFZEERIUTTEZ NS,

By definition, the probability density function of X is given by

Dy (x) = a !l forx € [0,qa]
X 0 otherwise

&2 T. (Thus,) aq 1

Zlog, —dx =1
~log, —dx =logz a

h(X):—j

0

a<1DEE. MHPTorOE—hX)ITAIZHS,

For a < 1, the differential entropy h(X) is negative.

TOYOHASHI
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E1§ Et%?"lr"’:'?1t IHEEE(ChanneI coding theorem)

FERERKDBIRN > o T, RYLGLDIEEZRRT HFHFEGTEDN
FHEIDEODBETIEHIL ATEL IR < CZHEI ETH D,

There exists some coding method such that error-free transmission is possible as the code length N
tends to infinity if and only if the transmission rate satisfies R < C.

E1§ Il:‘lzg";ﬁ;:%(Channel capacity)
C =1(Xo; Yp)
ESRI{X, N0 [FILT, BEFITFHOREP DAV RAMIZHKS,

The signal sequence {X,,}\Z3 are independent. Each signal follows the Gaussian distribution with
zero mean and variance P.

EIE Eﬁ] li'l‘ﬁ*&fiﬁﬁd)Eﬁ%’é%ﬂ“ueam Information Theory for the proof.)

EI%(Remark)
FOANERAET>TOBRY, BEBREE LERTELL,

Digital modulation can never achieve the channel capacity.
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E1§E§§§@E‘I’§(Computation of the channel capacity)
##HRE8.2(Lemma 8.2)
X ~N(u,a?)IZXL T, (Forx ~ ¥(0,02),)

1
h(X) = 5 log,(2mec?)

EIEEE(Proof)
%6@%§§§§*—|—7§‘5\ (From Lecture nodes 6,)
(x — w)? 1
—log, px(x) = ——5—logz e + S log,(2ma?)

';‘%ﬁﬁj\l_“/ rOE—® JT'_E %%1%5 &, (Using the definition of differential entropy yields)
h(X) = — j px(x) log, px(x) dx = —E[log, px(X)]

_E[(X —w)?]
B 202

1 1
log, e + EIng (2mo?) = Elogz (2med?)

“E[(X -] =o? ®
TOYOHASHI
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B 1E IR B = D &1 E (Computation of the channel capacity)

#HTE8.3(Lemma 8.3)
Eﬁ%ﬁﬁﬁ%’;ﬂXtY‘:ﬁbT\ (For continuous random variables X and Y,)
1(X;Y) = h(X) — h(X|Y) = h(Y) — h(Y|X)

EIE Eﬂ (Proof)

[E] H#EEX%?FE F'aEI ’!ﬂo) E %75\ i5 « (From the definition of joint probability density function,)

pxy(X,Y) px)y (X|Y) _ Pyix (Y]X)

px(Xpy(Y)  px(X)  py(Y)
log, 224500 = —log, px(X) + log, pxjy (X|Y) = —log, py (V) + log, pyix(Y]X)
PX(X)PY(Y) | |

':F' &E GDHH 1%1 EHQ%&\ (Taking the expectation of the middle and right-hand sides yields)

h(X) — h(X|Y) = h(Y) — h(Y|X) -

TOYOHASHI
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E1§ Fl:%?é_\:% D) E‘I’ﬁ(Computation of the channel capacity)

EEBEE 1 p
ke é% C = =log,(1 + SNR) [bits/s/Hz], SNR = —
Channel capacity 2 02

%IE Eﬂ ;HEEEB. 1 O)EU EIE?f)\B « (From another proof of Theorem 8.1,)
Proof 1 _(y_x)z
Py, |x, V]x) = e 207

2102

J:O—ts *ﬁ%82€1§9—ts h(Y()lXO) = 2_1 logz (27‘[602)%?51’%)0

Thus, we use Lemma 8.2 to obtain h(Y,|X,) = 271 log,(2mec?).
52, EE8.AMD. Yy ~N(0,P+02)THb, LI=H-T,

Furthermore, Theorem 8.1 implies Y, ~ V'(0, P + a2). Therefore,

h(Yy) = %logz{Zﬂe(P + ¢2)})

FERES.3MB. C =1(Xy; Yy) = h(Yy) — h(Yy| X)) ZERET B,

From Lemma 8.3, we evaluate C = I(X,; Yy) = h(Yy) — h(Yy]Xy),

1 | 1 P
C = Elogz{Zne(P +0°)} — Elogz(zneg ) = E10g2 1+ —

TOYOHASHI
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7_':/911/34%5@ @ttiﬁ"f(Comparison between digital modulation)

Capacity

23 PAM

22 PAM

BPSK
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5§%‘(Exercise)
ERERTHXOERZERBL. LTTEAONSELDET S,
XOWHIobOE—%51EH &,
The probability density function of a continuous random variable X is given as follows.
Compute the differential entropy of X.

Py (x) = e * forx=>0
X 0 otherwise

UTOIEMSTSRAMEEERZEL T, BPSKIESX = +/P%
EETB.Y >0DEEIZX =P Y < 0DEF(ITX = —VPHEE

SNE=LDEHET D, COERARDEVMRYRZFEE K,

Consider transmission of the BPSK signal X = ++/P over the following additive Laplace
noise channel. X = /P is detected if Y > 0. Otherwise, X = —/P is detected. Compute

the bit error rate of this demodulation method.

Y=X+1L
3705X$’E%L0)6E?_‘%1F§_EEE]%I(Probability density function of the Laplace noise L)
A
p() =ze M, l€(-), 2>0

TOYOHASHI
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