feE SR AT

Probability and Statistics

F1OERER

Lecture notes 1

MEREHERER T

Random Variables and Discrete Probability Distributions

SHERITEZEXE

Toyohashi University of Technology

BEX-BTRBMIFR

Department of Electrlcal and Electronic Information Engineering

EHEIR TTRRKE

Associate Professor Keigo Takeuchi

TOYOHASHI

UNIVERSITY OF TICHNOLOOY




FEZR 5 D B $E (Goal of probability theory)

WJ . %?'ﬂﬁ(Example: Quantization)

E— AR TRET HEHEEEEX € RREHSH)ELDDOBERIEQI,
CEFIET R REREORBEEEERERLABTELIICEELIL,

Quantize a continuous signal X € R (R:real field) occurring at a non-uniform ratio into four discrete values
{Q,}3_,. Define the occurrence ratio of each discrete value that is consistent with experimental results.

%E(Challenges)
o FE—RHRGHEREZEDLIICRYFELINEN?

How should we treat non-uniform probability?

+ EREZIOFERDERELEDIIICERIANEN?

How should we define the probability of events that take continuous values?
o EMAEREEMIHIELETEDLIITILFET NEN?
How should we justify the consistency between theory and experiments?
H R (Goal)
INoDEBZRRRIT DERRERILI DL,

Establishment of probability theory to solve these challenges.
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2B DAL (outline of lectures)

1. Eﬁﬂ"]ﬁﬁzgﬁ(massical probability theory)
c HAERIMSROBHNEREDES)

Discrete probability distribution (Case of a finite number of events)

* EE$*§ﬁ®¢H3 |':|:'| (Extraction of probabilistic structure)
2. /NiE E@ﬁﬁ%gﬁmxiomatic probability theory)
* /.L}IE?R @*ﬁqﬁ(Establishment of an axiomatic system)

¢ E%ﬁﬁﬁﬁﬁﬁmi%@eﬁnition of continuous probability distributions)

3. IEEH%O)@EIE(Veriﬁcation of the theory)
* j(’;&@ff ] (Law of large numbers)
NEMHERRIIEREAGRIT HH?

Is the axiomatic probability theory consistent with experiments?
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% é’ &Eﬁﬁ(Sets and operations)

o2

(A& & (Universal set) Q

892 & & (Subset) AcB¥xeA=x€RB

#5& & (Union) AUB={x€el: x€Aorx € B}
3 18 #B 53" (Intersection) ANB=E{xe€eQ:x€Aandx € B}
7 £E & (Complement) AL {xeQ: x & A}

= & A& (Relative complement) A\ B € An B¢
28 & A (Empty set) @ & QOF
Q

# 5E & 0D %/ &£ & (Complement of complement) (A=A

K-EILH 2 D;%EBl(De-Morgan's law)

TOYOHASHI

UNIVERSITY OF TICHNOLOOY

(AN B)¢ =AU B¢




_I,éi(,.“ BE)ﬂE 0)% A /ﬁiiﬁ(Operations for a countable (=countably infinite) number of sets)
A] B & D & & 5l (countable number of sets)  {A; € Q}724

*ﬂ%é(umon)
A E{xe€el: aneNs.t.x € A,}

i=1 HHERBENDFELT,. x € A, DY ILD,

There exists some natural number n such that x € A4,, holds.

j:t % N\ ;
3£ 38 &0 53 (intersection) ﬂ A& (x €Q:x €A, forVn € N}

=l FRTOBERENITHLT, x € 4, ARYILD,

x € A, holds for all natural number n.

I‘\\ - :E)lxjj\/O) ;f EJJ (De-Morgan’s law)

(-

i

(¢'e) C o=o
(ﬂ Ai) ={xEQ:x$P }—{xEQ dn € Ns.t.x € A,,}
i=1 i=

={x€eN:dn € Ns.t.x € AS }—U AY.
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Bl - a1 % HS(ExampIe: Coin tossing)

QM 1 ERITEESIS. RV DERZw,. ENHIERZ0,ET D,

Let w, and w; denote the occurrence events of a head and tail in one coin-tossing, respectively.

=20 [THEERTRESTD, 1
BRIIFHERTESTD P(wg) = P(w;) = .

The two events occur with an equal probability. 2

ﬁﬁ@*ﬁ)ﬁ D :]:EH HZ': (Extraction of probabilistic structure)

° %b‘%@&% ‘575‘(3:5&@1 -Clljjéo (Either a head or a tail occurs with probability 1.)
P(Q)=P((U0)+P((1)1)=1, .Q.=(1)0U(1)1.

° ibﬁﬁ @:L‘EE% (& 1/2—65%) o (A head does not occur with probability 1/2)

1
P(w§) = P(Q\ wp) = P(w) =5

5
¢ 1EI%Hj7EL\EE$(:J:O’C‘5>%> o (Nothing occurs with zero probability.)
P(®) = 0.
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E%li%éfﬁ)émn event is a set.)
FREEEBEALT E HFHIBENEMIZES,
Regarding an event as a set simplifies the mathematical structure.
fifE 3= 22 ] (Probability space)’ (Q,F,P)

0= {wo, wl} *;EEZIKEU:FEIE](SampIe space)

BIZ, BRERODE T, ZEAREM S,

In particular, each element of the sample space is called an outcome.

F = {0, {a)o}, {a)l}, O} %éﬁS(Field of sets)

EERFOETODHRER)ZEZREMT S,

Each element (subset of Q) of F is called an event.
P:F — [0, 1] #2253 0 (Probability distribution)
P(Q) = 1Zzm-9 R E8HEB(AADER)THSL,

A set function (Input is a set) satisfying P(Q2) = 1.
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ﬁﬁﬁ*%:lﬁ D :]:EH ﬁ (Extraction of probabilistic structure)

%é{$?®'|‘$’§(moperties of the field F of sets)

1. T(i*gjézlgglaﬁﬂﬂéﬁto (F contains the sample space (.)

2. BRADNFIZEFENDLGLIE. RERAC = Q\ ALFIZEFENS,

If F contains an event A, F also contains the complement A°€.

3. BRAEBAFIZCEENALELIE. FIEFSAUBELFIZEEN S,

If F contains events A and B, F also contains the union A U B.

& 2R 53 #1 P 0D 1% B (Properties of the probability distribution P)

EEDERA € FIZRLT. Foranyeventae ) P(A) € [0,1].
P(Q) = 1.

ZONHRERAEB(ANB = 0)IZx LT,

For two exclusive events A and B (AN B = Q),

P(AUB) = P(4) + P(B).

w N
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%ﬁﬁ&ﬁj\ﬁ@ﬁﬁ$*§ﬁ(mobabilistic structure of discrete distributions)

1R A ZE e (sample space) & 5 PR EE & (Finite set)

£ & (K (Field of sets) F
1. ?(i*gﬁgFﬁﬂﬂéﬁi\o (F contains the sample space .)

2. BRADFIZEFNDLGLIERBRA = Q\ ALFIZEFND,

If F contains an event A, F also contains the complement A°€.

3. BRINAJL DFICEFENDLLIX ARMESGVL, AEFIZEEND,
If F contains events {4;}_,, F also contains the finite union UX_, 4;.
T 2= 43 #11 (Probability distribution) P
1. FEENEZRAE€ FIZXLT. (Foranyeventaer,) P(4) € [0, 1].
2. PQ)=1.

3. HERBRINAI. (A4, nA =0fori+))IZRLT,
For exclusive events {4;}/_;(4; N 4; = @ for i # j),
P(UL, 4) =3 P(4). ABRMEMEFinite additivity)
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ﬁﬁgggﬁiﬁ (Q, F, P) D) /AEE%‘:(Axiomatic system of probability space)
FE AR ZE ] (sample space) Q = R or H PR £ & (Finite set)

o-E &R (ofield) F (# QD ER7D E B 2Rl subsets of 0))
1. ?(i*ﬂ,—";ZlKgEFEE]Qé’é‘{}O (F contains the sample space Q.)

2. BRADFIZCEENDLGLIE. RBZRAC = O\ ALFITEENSD,

If F contains an event A, F also contains the complement A°€.
3. AIHEEDOERINAIL PFIZEEFNSLELIE, AAEEOIES
U2, AAFIZEEND,

If F contains a countable number of events {4;};2,, F also contains the union of
countable events U;2, A;.

T 3R 43 %1 (Probability distribution) P
1. EEDSZRA € FIZRLT. (Foranyeventae ) P(A) € [0,1].
2. P()=1.

3. TAEBEOHERERIAIC (A, NA =0fori=+))IT®{LT,

For a countable number of exclusive events {4;};2,(4; N A; = @ for i # ),

P(U;'x;1 A;) = Zfi1 P(A;). W\IEMEM countable additivity)
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EE$ % 7;& D W] (Example of random variables)

H 430 Dice)

HAa0%—EIRIFT. SLLEAH-5100H. 2L FTHAIZ10M
NEONBT —LEEZD, CDT —LE{To=LTIEBEREL
TEDEOIFENEFTESLMN?

Consider a dice game in which one gets 100 yen if 3 to 6 occur, otherwise 10 yen. How much
can he/she expect as a cash prize in this game?

FEARZE[E] (Sample space) () = {wgy, w1}
Wy . Zu-Fﬁ§Hj%)o (outcomesofland2.) 1. SLLE 75§|'Z|Z'|%)o (outcomes of 3t0 6.)

AN e 1 2
ﬁﬁiﬂ E(Probablllty distribution) P(a)o) — 5’ P(wl) _ §
55/%§$§§76E$§§Q(Random variable to represent the cash prize)
E%@,ﬁﬂ ?#ﬁE(Expectation of the cash prize)

E[X] = 10 - P(wy) + 100 - P(w4) = 70.
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(%)ﬁﬁ%%ﬁ@i%@eﬁnition of (real) random variables)
SARZERMDOEMEANDERY: Q » RBLUTZE#HT EE.
BAXZ (R)ERENEMT S,

A mapping X: Q — R from the sample space to the real field is called a (real) random
variable if the following holds:

Forallx eR, {w € N: X(w) <x}EF.
EFEDx € RIZHLT. X (w) S x,LGAHABRDELEEELZTERTED,

For any x € R, the occurrence probability of the event {X(w) < x} is well defined.

B4 300 H(The dice example)

0 forx < 10.
Py(x) = P({w € Q: X(w) < x}) ={1/3 for x € [10,100),
1 forx > 100.
Py (x)
O
® O
10 100 X
TOYOHASH]I
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ﬁﬁﬁﬁj\ﬁ FQEE] ;ﬂ D) I'_E %(Deﬁnition of probability distribution functions)
MERERXDERTMERP ()X T TERSND,
The probability distribution function Px(x) of a random variable X is defined as follows:
Py(x) =P({w € Q: X(w) < x}).
N = =&
TR (Remark 1)

FERSHBAMIL. nTEAHIVIERAB I MEHRELEENSD,

The probability distribution function is also called distribution function or cumulative distribution function.

52%:\ Z(Remark 2)

HEESMMDMERDELLNERATIHLLG [ TMIENIERE
HEREHOMANMEEZERT DLDELIERTHERATHIEENH S

The terminology distribution may be used to indicate something to define the statistical properties of
a random variable, without specifying probability distribution or distribution function.

51%:\3(Remark 3)

HERSHMBEARIL. LTOXRIICEESNDEZEN DD,

The probability distribution function may be abbreviated as follows:
Py(x) =PX(w) <x)=P(X <x) = P(x).
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%ﬁjﬁi&ﬁj\ﬁ(mscrete distributions)

A )L X—A 43 #1 (Bernoulli distribution)
NIVX—ATEREBXIHERpTIZMY., fER1 - pTOEWS,

A Bernoulli random variable X takes 1 and 0 with probabilities p and 1 — p, respectively.

— I8 %3 % (Binomial distribution) : B(n,p)
ZOMINTA—BEneNEp € [0, 1]Z2HFHDODZHERTHXIL. Bk €
{O, e n}%ﬁﬁﬁpk’f‘ﬁy%o

A binomial random variable X with two parameters n and p takes an integer k € {0, ..., n} with
probability py.
(TL) k(l )n—k (Tl) n!
Pe=\W/P 7P W) T )tk
I—RT‘/‘/ﬁj\ﬁ(Poisson distribution)
INGA—BL > 0 FIORT YU EREHX(F . n=01,.ZHEp, TS,
A Poisson random variable X with a parameter A > 0 takes n = 0,1, ... with probability p,,.
Ae=4

n!

Pn =
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ﬁiﬁ H& \EODHH 1#1 (Expectatlon of discrete distributions)

B EE ) LD MP OIS ZHOERREL [, HIFEEX]
’E%fﬁﬂ'ﬁd)ﬁﬁﬂzﬁ]L%’Ld&ééi’)l:E%LT:L\o

Suppose that we obtained many realizations sampled from a distribution Py on a discrete set {x;}¥_,
Define the expectation E[X] such that it is equal to the arithmetic mean of the realizations.

EEPX =x) =p*x,DEREBEEELEALGTTENEDOEREDLHUVE
ZRBIZ.UTOXSIZHBITT THS,

Regarding the probability P(X = x;) = p; as the occurrence ratio of x;, after a permutation of N
realizations, we should obtain the following sequence:

m

(X1, ey X1, Xy wee) X, X )
N N v
Np, Np, Npi
K K
Arithmetic mean = 2= 13;\; Npi = Z x;p; = E[X].
i=1

HERDTMEBMERBT DI-OICHERBEBEMMSIENHLIMN . RERTIEEDLEN, BB TDIEEIZHE
ROMEHEEABODERTHEAT S EAH S

While it may be called probability mass function (pmf) to distinguish it from the probability distribution
function, this lecture does not use pmf. The probability distribution may mean pmf in the discrete case.
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%ﬁjﬁiﬁﬁj\ﬁm,ﬁﬂ ?#1@0) I'_E%(Definition of the expectation of discrete distributions)

Y2 xIP(X =x) < coDEE, BERFERTHXDEFEZLUT TEERY S.

If >72, |x;|P(X = x;) < o holds, the expectation of a discrete random variable X is defined as

(00]

IE[X] ot xl-P(X = xl-) .
2

_ﬁg‘ft(Generalization)
HAHREROLTEBSFITHLTER |f(x)|P(X = x;) < 0D EE, f(X)
DHEAFEZUTTERERT 5.

If 3721 1f (x)|P(X = x;) < oo holds for some deterministic function f, the expectation of f(X) is
defined as

E[fOO] £ ) fG)PX = x).
i=1

B2, f(x) = xDIFEDHFEEX]|ZFH. f(x) = (x — E[X]D*DIHFE
DEAFFEVIX] = E[(X — E[X]D?]Z 5 BIEFESS

In particular, we refer to the expectations for f(x) = x and f(x) = (x — E[X])? as mean and
variance, respectively.
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