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75§AJ1:§E/9)(Cancer screening)

NAUTHS L) ELVSERFw, 1 (0,). REDFERNBGHEEME)THS
&L\5$%7Ew21 ((1)22)&3_%0

Let w1, (w12) and w,; (w,,) denote events indicating that a person has a (no) cancer, and that an
examination alerts positive (negative).

FE 3= 22 ] (Probability space) (Q, F, P)
*E%ZFEEFEﬁ(SampIe space). () = Ql X QZ» Qi — {willwiz}

o-BRER(ofield): F = {0, (w11, w21), (w11, 022), (W12, W31), (W12, W32),
{(w11, w21), (W11, W22)} {(W11, W21), (W12, W21)},
{(w11, w31), (W12, W22)} {(W11, W32), (W12, W21)},
{(w11, W22), (W12, W22)} {(W12, W31), (W12, W22)},
{(w11, w21), (W11, W32), (W12, W21)},
{(w11, W21), (W11, W22), (W12, W22)},

{(w11, w31), (W12, W31), (W12, w32)},
{(w11, w32), (W12, W31), (W12, w32)}, 0}
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T 52 43 77 (Probability distribution) : P
[5] BF 99 7 (Joint distribution) :
P(wy1,w21) = pq [MATHDHIMDIFETEHB S 1w cancer’ and “positive”)
P(wq1,wz2) =p(1—q) IHBAATHSIMDIIZETEH S 1(“w cancer” and “negative”)
P((U12» w21) =T —pq r75§/\J—C°7Q:L\J75\Orﬁ%'l‘i—éﬁ)éj(“wlo cancer” and “positive”)
[ DA TEL DD ESE T3 B 1(“wio cancer” and “negative”)
P(w12, wz2) = P(Q) — P(w11, w21) — P(w11, w22) — P(W12, w21)
=1-pqg—p(l—q)—(—pg)=1-1r—p+pq.
J& 32 43 #71 (Marginal distribution)
[BATHEIMN DG IFEIXIAATHAINDEEI=THATHSD]
“w cancer and positive” or “w cancer and negative” = “w cancer”
P(w11,Q2) & P({(w11, w21), (W11, 22)}) = P((w11, w21) U (W11, W32))

=pq+p(l—q)=p
%ﬁ:ﬁ'gﬁj\ﬁ@onditional distribution)

[DNATHAHIEWNSEHED T TS 4 TEH S 1(“positive” conditioned on “w cancer’)

P(w1, wz1) _ pq _
P(wq1,83) p

P(wz1|(wq1,Q;)) €
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¥4 37 4 (Independence)
Jﬁ mfj\ﬁ(Marginal distribution) :
[HNATHLIN DG IE I HNATEON DG I=TEETH 5]
“w cancer and positive” or “w/o cancer and positive” = “positive”
P(Qq, w321 ) = P({(w11, w21), (W12, w21)}) = P((wn; w21) U (w12, 0)21))
=pq+r—pq =r.
¥4 37 1 (Independence) :
[FHETHLIERN, [IDATHDIELDFHITIRTFLEGLY,

The probability of “positive alert” is independent of conditioning “w cancer.”
P(w;1](w11,Q72)) = P(q, wyq ).
& P(wqg, wz1) = P(w11,Q2)P(Qy, w31)

r=ql¥CDGEBICEITARILEDHETDEHTHS,

The independence in this case holds if and only if r = g.

DNATHAIDNGENAID, RILHERTHELZH SN OIREEZZ(THER
[F7L,

Regardless of whether or not a person has a cancer, it makes no sense for him/her to take an
examination that alerts “positive” with an identical probability.
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[E] H#ﬁﬁﬁﬁj\ﬁ FasE] 5!;if[(Joint probability distribution function)

R™ _ 0D #if 3= ZE ] (Probability space on R™) (Q=R"F,P)

FEZEA D B )L (Probability vector) : X () = (X1 (w), ...,Xn(w))T
EEDANTRLX = (x4, .., x,)T € RMZKLT, LT &ET=9
ENTMVERBXZHERATRLET S,

A real vector-valued function X is called a random vector if the following holds for
any vector x = (x4, ...,x,)T € R™:

{fweQ:X{(w) <xq,...X,(w) <x,} cF.

ﬁ ﬁﬁﬁ@ﬁ*ﬁ%ﬂ %zéﬂ(Joint probability distribution function)
Py(x) =P{w e Q: X;(w) < xq, ... X, (@) < x,})
FIRERSMEARIR RS MEMHIWVIEEFES MELEE N,
BRIMILXDIMETHIEE DT ATZERET 5,

The joint probability distribution function is also called joint distribution function or joint
distribution, and determines all statistical properties of the random vector X.

B £C (Abbreviation)
Px(X) = P(Xl < X1, ...,Xn < xn) gt P(X < x).

TOYOHASHI

UNIVERSITY OF TECHNOLOGY




Jﬁ mﬁﬁﬁﬁj\ﬁ@%ﬂwarginal probability distribution functions)

BEEEADEANESIc{1,.. n}IMLT, BERINLXEZDDT )L—
TIZREIT 5,

For a subset I c {1, ..., n} of the set of indices, decompose the random vector X into disjoint two groups.
X, ={X;:i€l}, Xpc={X;:i€l}.
NYbkILx; € RIGSRERRICERT .

The vector x; € Rl is also defined in the same manner.
Jﬁ iﬂﬁﬁ"&ﬁ?ﬁ%&] 53:'55'[(Marginal probability distribution functions)
Py (x)) £ P({X; <x;:1€1}) =Px({x ER" : x; = oo fori € I°}).

BRlomERERS MM ETEOMN, BEIE TS,

Any marginal distribution can be computed from the joint distribution, while the converse is not correct.

R MO REL D METE I DIREDEEIEDIL IEESIENH D,

We may refer to operations to compute marginal distributions from the joint distribution as
“marginalization.”
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¥4 37 4 (Independence)

#0 Z & ) 8 31 1% (Pairwise Independence)

Py, x; (xl-,xj) = Py, (xi)ij (x]) foralli # j.

¥4 37 ™ (Independence)

P = | [ Prcx).
=1

JRIEFET EDMILMEZTERT DA, F (T LHIELRLY,

Independence implies pairwise independence, while the converse is not necessarily correct.

I D EEREXEXERVDTADET B,

Marginalizing the definition of independence over all random variables with the exception
of X; and X;, we have

PXi,Xj(xi)xj) — lim PX(x) — PXi(xi)PXj(xj) 1_[ xlklinoo PXk(xk)

{xk_)ookilrj} ki, j
= PXi(xi)PXj(xj)-
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%ﬁjﬁi ﬁj\ﬁ(Discrete distributions)

EERJGMNLXDEH SNSRI EFED A THOMEMT HEE.
XZEEENIEREAR IR L ERE S,

A random vector X is called discrete if the joint distribution of X increases only in the set of
at most countable points.

Jﬁ mﬁﬁ$ﬁﬁ(Marginal probability distribution)

BEEFEREARIRILXD RSP (X = x)IZRL T, B9 HPX; = x)IE
UTTEZLNS,

For a joint distribution P(X = x) of a discrete random vector X, the marginal distribution P(X; = x;) is
given by

P(XI =x1) =2P(X=x),
ST BRI, DT RTHBAEHEICELTRONS,

where the summation is over all possible combinations of x;c.
Jﬁ mﬁj\ﬁﬁg’!ﬂw ;’E%#Bﬁéi o (Due to the definition of marginal distribution functions.)
CORFIBEEDZEZERIL JEESTENH D,

This summation operation may be called “marginalization.”
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%ﬁ: ’ﬁ’%ﬁﬁ%ﬁj\ﬁ@onditional probability distributions)

P(X}, X = xpc)
P(XIC — xIC) .

FOF P(XIC - xIC) == 0, P(XI|XIC — xIC) déf

51%1 (Remark 1)
CHDEZRFHEAD DAL TERETHFD,
This definition makes sense only for discrete distributions.
53% 2 (Remark 2)

BB aHmP (X ) EFKHAAERTP (X | X ) NEZoNT-LED
RIRSMPX)NDEERXELAHLEED,

It can be regarded as a definition of the joint distribution P(X) when marginal and
conditional distributions P(X;c) and P(X,;|X,c) are given.

P(X1|XIC)P(X1C) = P(X).

WAL, Ao HhERBHETMMNEZIONDIENSLY,

Marginal and conditional distributions are usually given in practice.
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—_IH %3 %1 (Binomial distribution)

X ZMWIAR—SfM(PX; =1) =p,P(X; =0) =1 —p)IZHINILX—
ATEREHINET D, BERETHY =Y XN ZIEAFICKI LT TR,

Let {X;}i, denote independent and identically distributed (i.i.d.) Bernoulli random variables. Show
that Y = Y\, X; is binomial-distributed.

P(Y = k) = z P(X = x) = Z pk(1 = p)nk.

x€{0,1}m:3 1 x;=k x€{0,1}":3 1 . x;=K
&&IE. 15%k[E]l, 0h'n — kEIHAHER[Tp" (1 - p)" *THAZEAN DS,

The last follows from the fact that k ones and n — k zeros occur with probability p*(1 — p)™.

WBHMIZBTHEAEDOERZTHALITHE,

Counting the number of combinations in the summation, we obtain
n
P(Y = k) = (

k) p“(1—-p)"7~.

FLOAEICIXBERGHDOMDEFAENBELGCEZER T X,

Understand the requirement of a huge number of additions in marginalization.
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ﬁff\ﬁﬁj\ﬁ(Continuous distributions)
HERAVMLX DRI mA EFEREEEHpy(0)ZE>TUT
TR TEHES . XEEMMERERATRILET S,

A random vector X is called continuous if the joint distribution of X has the following
representation based on a joint probability density function (pdf) pyx (x):

Py(x) = J px(y)dy forall x € R™

n?:]_ (—oo,xl]

A B 4 =
% & 1 (Property 1) pe(x) > 0. £ 5 2 (Property 2) j py(x)dx = 1.
RNM

JE 1D fif 32 22 & B8 #(Marginal pdf)

Py, (x)) = j px,(y)dy; forallx; € Rl

Nier(—0,x;]

'|f-'|:._ E 3 (Property 3)

PX,(xI) =J px(x)dxjc.
RICI

Ja iﬂé:‘ﬁ‘ﬁf‘a‘é ’5&0) E%?ﬁ\ ‘B‘TITE:) o (Due to the definition of marginal distribution functions.)
COBEMBREDILZIEDIEIEESRIENDH D,
This integration operation may be called “marginalization.”
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%1#1#%6&7_“?3@ FQEE] %ﬁl(Conditional pdfs)
px(x)
pXIc (xIC) .

I 3L % (Independence) EIFHERANTMILXDERMNIRITAEE,

When all elements of a continuous random vector X are independent,

px(x) = npx (xi), Px;X,c (xp|xpc) = prl(xz)

LEI
5$_L |$0) 75\‘:) (From the definition of independence, we have)

Py = ﬂpxl(xa —]_[ [ poar.

ﬁiﬂ’&xi(i= 1, .. Tl)' BEL TR H I H52LT. HU#O)EE%E’E FDo

The former is obtained via the partial derivatives of both sides with respectto x; fori =1, ...,n

FHMHEEEEBRRODERXICHIFOEREZAATLIE. BFDE
BRAGED

Substituting the former statement into the definition of the conditional pdf yields the latter statement.

For px . (x;c) # 0,  Pxyix,c (*r]xpe) =

Px(x) =j

Nizq (—o0.x(]
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,HH ?# ﬁE(Expectation)

B%#g: R" > RIZHLTE[|g(X)|] < oD EZE,

B B R AR )L (Discrete random vector) X
Elg(0] & ) g(P(X =x),
X

T HBMExDITRTOHEAEHEFIZEALTERLENS,

where the summation is over all possible combinations of x.

T HE 22T )L (Continuous random vector) X

E[g(X)] & j g()px(x)dx.
Rn

BE(Z. E[X]. VIX;] < E[(X; — E[X;])?]. E[(X; — ELX.D(X; — E[x;])1%

INTNX,DFE X,DHE i # jITHLTXEX DS EEES,

In particular, E[X;], V[X;] & E[(X; — E[X;])?], and E[(X; — E[X;])(X; — E[X;])] are called the mean
of X;, the variance of X;, and the covariance of X; and X; for i # j, respectively.
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%ﬁ: ’ﬁ' %,HH ‘/[# ﬁE(ConditionaI expectation)

B#g: Rl > RIZHLTE[|g(X))|] < coD &ZE.
B B R AR )L (Discrete random vector) X

Elg(Xp)IXe] & z 9GP, = x1X;e)

ZCT. %"%D(ix,d)?’\fd)ﬁ‘ﬂcﬁ’-\bﬁl ELTEmLoNS,

where the summation is over all possible combinations of x;.

E R HE AR )L (Continuous random vector) X

ELg (X1 2 [ gGepan,e ().

STE L, fEELTEAON-ERERERERNETEREHTLT
HFHEZ AT E I NIELLY,

In computation, we can regard conditioned random variables as deterministic variables.
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