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Understand Lemma Lemma 3.1 in voice as Lemma 4.1
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",f{fﬂ] @'I‘EE(Properties of summation)
'|‘$E1 (Property 1)
n n n
Z(axi + by;) = azxi + bzyi.
i=1 i=1 i=1

IRINETALBAT %o n = 1IDZEIFXBRALGD T n = kDIZEDRIL
ZRELT.n=k+1DFBEETT,

The proof is by induction. Since the case n = 1 is trivial, we assume the correctness of the
statement for n = k, and prove the statement forn = k + 1.

k+1 k
D (@i +byp) = aXers + by + ) (@i +byy)
=1 =1
k k
= @ + by +a ) x+b Yy,
i=1 =1
k k k+1 k+1
=a xk+1+zxi +b yk+1+zyi :azxi_l_bzyi' u
=1 =1 i=1 i=1
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HFEDHE E(Properties of Expectation)

T8 1 (Property 1) FEEDHERTHXEYIZXLT. (Forall random variables X and ¥,)
ElaX + bY] = aE|[X] + BE[Y] foralla,b € R.

HAFEDERICH THRM LIRS DRI IENBHED.

Due to the linearity of the summation or integral in the definition of expectation.

HE 2(Property2)  V[X] = E[(X — E[X])?] = E[X?] — (E[X])2.
= E[X]&ERL EE 1Z2{FE>T. (Letu = E[X]. Using Property 1 yields)
E[(X — w)?] = E[X? — 2uX + p*] = E[X?] — 2uE[X] + p?
= E[X?] — 2u* + p* = E[X?] — (E[X])?.
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%ﬁjﬁi ﬁj\ﬁm"ﬂ(Examples of discrete distributions)

A )L X—A 43 71 (Bernoulli distribution)
NI X—AEREZRXIIHEEpTIZFRY ., FEE]1 — pTOZES,

A Bernoulli random variable X takes 1 and 0 with probabilities p and 1 — p, respectively.

I8 %3 1 (Binomial distribution) : B (11, p)
ZDOMDINTHA—EneNEp € [0, 1]ZzHFHODHERLTHXIE. Bk
{O, e n}%ﬁﬁgpkf“ﬂﬂéo

A binomial random variable X with two parameters n and p takes an integer k € {0, ..., n} with

probability p. N n nl
Pk = (k) p“(1-p)"7%, (k) = oo
7R 7 2 %3 % (Poisson distribution)
INGA=BL > 0ZFDOIRT YU HEREHX(ET . n =01, .. ZHERp, THD,

A Poisson random variable X with a parameter 1 > 0 takes n = 0,1, ... with probability p,,.

Ane—4
Pn = -

n!
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qzi/] t jﬁi&@ n-l_ﬁ (Computation of mean and variance)

A )L X—A 43 %1 (Bernoulii distribution)

[E[X] =D, W[X] = p(l — p). ﬁﬁb\&)cto (Confirm them.)

7|_€ V% \ﬁ Poisson distribution)
HERDIEFRIEY Y o Py = 1Z1E D, (use the normalization $%.op, = 1.)

[ _ pn b _1)' (n_l)' — n! Ju—
2_002 _oonlne"l_ ne—4
o n=0 n=1 n=1
0okl ol
- Li(n-2)! (n —1)!
n=2 n=1
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e i’;] &ﬁj\jﬁiﬂ'{m E‘I‘ﬁ(Computation of mean and variance)
I8 %3 1 (Binomial distribution) : B (11, p)
EEDIEFIE(ZIETEIE)Z{ED, (Use the normalization (binomial theorem).)
n n

P = Z (Z)p"(l P =@+1-p" =1

) n ) n n . n n!pk(l_p)n—k
E[X]—kak—zk(k)l?k(l—m k_k:1(n—k)!(k—1)!

k=0 k=0
n—1n! pk+1(1 _ p)n—l—k n-l (n—1)! pk(l _ p)n—l—k
— =np = np.
— 1 — | Jr1 — 1 — d
& (n—1-k)'k! & (n—1-k)'k!
E[X?] = np(1 — p) + (np)=. HEMED K. (Confirmit,)

~ V[X] = E[X?] — (E[X])? = np(1 — p).
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E%mﬁ}?ﬁ@ﬁ“(ExampleS of continuous distributions)
_$§§j\¥ﬁ(umform distribution)

XfE[a b LO—HREREBXOERZEREML. LTTEZONS,
The pdf of a uniform random variable X on [a, b] is given by

1
b—a’

py(x) = x € [a,b].

*E’%ﬁﬁj\ﬁ(Exponential distribution)

INGA=E) > 0 DIERERE VN OERZERAIT. LTTHS,

The pdf of an exponential random variable X with a parameter 1 > 0 is defined as
px(x) =™,  x €[0,).

ajoaxﬁj\?ﬁ(Laplace distribution)

INGA—=Ru e REP > 0FFDTTSRAMEREHXIL. ROEEREE
B#zHEFD,

A Laplace random variable X with parameters u € R and ¢ > 0 has the following pdf:

1 _lx=ul
pX(x)zﬁe ¢, x € R.
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qzi/] t jﬁi&@ n-l_ﬁ (Computation of mean and variance)

_1% \ﬁ Uniform distribution)

IE[X]—b d—bxd— a+b
_LXPX(x)x_Lb—ax Z(b—a) '
E[xZ]_jb x? dx = Cl +Clb+b2
J,b—a *= 3(b —a)|_ 3 '
— 2
» V[X] = E[X?] — (E[X])? = (b 12a) '
*El 5{ \ﬁ (Exponential distribution)
]E[X] joo J _Axd [ _Ax]xzoo +Joo —Axd [ e—ﬂx]x:oo 1
= xAe X =|—Xxe e X = |— = —,
0 x=0 0 A =0 yl
1
VI[X] = 2 FED K, (Confirmit,)
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qzi/] t jﬁi&@ n-l_ﬁ (Computation of mean and variance)

7705Z \ﬁ (Laplace distribution)
%;&%?@y =X — 75\‘9 (From the change of a variable y = x — p,)

r° 1 _|x—ul
— —e b dx= ¢
E[X] ) x2¢e dx = J(y+u) ¢e dy
r® _lyl
=] 25° Pdy +u=p.

Sﬁﬁw%vﬁliﬁﬁﬁﬁr%ﬂd)Eﬁkh\B HEDFSE
—IHDWEDS A FEMTHLH_EMDHED,

The second last equality follows from the normalization of the pdf, and the last
equality from the fact that the integrand in the first term is an odd function.

VI[X] = 2¢2 FEME K, (Confirmit,)
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Eiﬁﬁj\ﬁ(Normal distribution)
FRREEEHXDEERZEEY

Probability density function (pdf) of a normal random variable X

1 _(x=w)?
X~NWo?) > Px(x)=\/ﬁe 202,  x€R

I?T‘jk j]'bZﬁ?ﬁ(‘.’%”?‘ih%)o (Itis called Gaussian distribution in engineering.)

PX=u+o)=159%
P(X > u+20) ~ 2.28%
P(X>=u+30) = 0.135%

Pdf py (x)

PX=>u+40) ~3.17x1073%
P(X >u+50)~287x10"°%
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Efﬁ,ﬁj\ﬁ@;E*%’ft(Normalization of normal distributions)
*ﬁ%ﬁ4. 1 (Lemma 4.1)

FEDu e REc? > 0[Tx LT, (Forany uando? > 0,)

I J R R
= e 20 X = 1.
—ooV2To?

&IE BA (Proof) : —ERESEE-T.I? = 1Z5EBAT 5, (Prove I2 = 1 with a double integral.)
1 _—wi+y-w?
.y
R

mezt T B

x=p+rcosf.y=pu+rsinQEEHEWRT H=HIZ. YOAETUEETET D,

To perform the change of variables, we compute the Jacobian.

ox/dr 0x/06 cosd —rsinf

_ . B , o
|J| = dy/ar dy/06] = lsine rcos@|_rcos 0 +7rsin?6 =r.

(0] 2
bz, , [ 1 _Gmwiromw? o g2
Thus, we haveI B R2 27'[0'28 20° dXdy—ZT[O_z . dr ) db e 262']'

1 (* r2\1~°%
=g7), rermdr=|—ew(—55)| =1 -
r=0
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IE;E \Z‘ﬁd) |$§ (Properties of normal distributions)

zFi/](Mean u = (x — M)/U&aﬁ:y&aﬁ:m—g—ér‘_’s (Using the change of a variable yields)

2

j (x)d j 5 “7d
Xpy(x)dx = 20 x=u+f u—e 2 du = Uu.
_ Px \/27102

—% E 0)’* = T, *ﬁL4 1§1§0T:o (In the second equality, we have used Lemma 4.1.)
HEDFSE. E_HOBESBEROFEABEN R,

The last equality follows from the fact that the integrand in the second term is an odd function.

ﬁj\iﬁt&(Vanance

j (x — H)ZPX(X)dX = 0%, EMND K, (Confirmit.)

EXbHn: EHDBELERCEMTIHREL-R. O ESLLMEREL 1%
FEoTIENZIE K.

After using the same change of a variable as in the mean case, use the integration
by parts and Lemma 4.1 to evaluate the integral.
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EE(Homework)

1. AR—CBDATAIRTEELANILX—AHEEREHX D FHE[X] &
NEVXFEEE L

Compute the mean and variance of a Bernoulli random variable X shown in page 4.

2.6 R—CBDRASARTEELEZIEERTHXD ZRE—AVE

E[X*|ZFtHEE &
Compute the second moment of a Binomial random variable X shown in page 6.
E2bHing: k2 k k—1+1 1 1

R R

B.IR—VBDASAR TCEERL-IBHEERETHXDIEHE[X]EH Y
VIX|Z5tEE &

Compute the mean and variance of an exponential random variable X shown in page 7.

4. TR—UBDASAIRTEEL-STIRAEEREZHXDEHE[X] &
DRVX|ZETEE &,

Compute the mean and variance of a Laplace random variable X shown in page 7.
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