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ff‘}fﬁ'l'?@ E H"](Purpose of statistics)
HAEERDMEEZHFHT T AL LR TERTEIANTHETLZLY,

Estimate indicators that characterize properties of a group with low costs.

%%LEH 7é?(Census)
H Z:‘:ﬁ1ij_é éﬁ%%ﬂ%t?é o (Survey of all families that are living in Japan.)
*'J IR (Merits) IEEE@*E§+75§T§%) (Accurate estimation)
R B (Demerits) : B ZE DD H D, (High cost)

=F 4B = .
R HE E(Survey for income) B G o M B 500 10 5L 5

ARICEG S HEOFREOEREE | i

TRIBT R ERLL

BT RICIE, CAGIRRISERT [ o0 ]

REMN? i

2023 (AR 6) AliE

e 4057511

What indicators should we focus on to characterize *
the trends of income of all families in Japan. o]
_ i
FE., PRIE. IEIE?
Mean median or mOde? ’ Log 1000 200 300 400 500 800 TO0 8O0 800 1100 1300 1,';()‘()'(]' BILD';:JI = Wi.ﬂj ::OU ((:
Ao | | | | | | b
*A% \ﬁ%TﬁliEL\ I:E 400 400 5300 800 TOO E (B4 L& 1800 2004 !"‘:J[
My opinion: Show the distribution. ELESEESFSEERA EEMAET LYK
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ff‘}fﬁ'l' H"] :.I:E/,Ell D) IHE :_l'—t ’“f.(FormuIation of statistical inference)

$ (Population)
BHELEFOLVEAOREECES UTOEREES.
The set of attribution of a group to be investigated. N
1Bll Example) : T &5 AT # (Income) HERR ST P(X = x)
% ﬁﬁ(Population distribution) piscrete distribution
BEFMSHES AR ERS T 5T px(x)
Relative frequency distribution computed from a population. Continuous distribution

ﬂi Eﬁ".(Hypotheses)
E% ®g§§ﬂ‘i+§j\': § LY, (Population contains a huge number of members.)
ENBEHS M. BREDEHHICL - TREFSTMTHELTES,
The true population distribution can be approximated by one with a finite number of parameters.
%RE'I'?O) E E"](Purpose of statistics)
HARFADEEZFEMN T HLIGIEIRZEIANTHEILT=LY,

Estimate indicators that characterize properties of a group with low costs.

BRI MOBHZEEIASTHEELZLY,

Estimate the parameters in the population distribution with low costs.
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* 2|K¢EE H (~J:é:.l:ﬁn'|' Estimation via sampling)
1!3,—";2& (Sample)
E% . AN b:]:EE II:I:II éhf’ﬁ |f|:|_1 0)% = (The set of members sampled from a population.)

* Zlid)jtgé (Sample size)
'!% . Gija) b:]:EH |'Z|Z'| é’haf"ﬁ |$1 ;& The number of members sampled from a population.)

ERDRESEBRREE > TELMFELY,
Do not confuse the sample size with the number of samples.

%—%%ﬂztla%fﬁ‘%ﬁ%ﬂ@%lb\aﬁﬁiéhé%A@%0)*!;510):&?356 (5 : Fr G DR EE%60
BUTEZOMED ZEHIZH T=HE . BAIT2, )

The number of samples means the number of groups when a population is composed of multiple

groups. (Example: The number of groups is 2 when the income population is divided into two groups:
under or over 60.)

2= 891 Z [ (Mathematically)
RESNDERIE, ABRmHAEERAZSMIZHONE DERERIITHS,

A sample of size N is a sequence of random variables of which the marginal distributions are equal to
the population distribution.

FEIRE TILXELN EITFEE S (They are not realizations.)
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*%K*EH H (:Jlé*ﬁ%‘l’(Estimation via sampling)

%W%#E HZ'I(Random sampling)
EHTMEOERNOBABEFADOHN FERTNEOEZERZHET 5,

Sample N different members out of the population that are composed of M members with uniform probability.

MASHSTRENEE | WAL, BERASHMIN D —HAHET
NEOERERYHTETHEEEMTHS,

When M is sufficiently large, random sampling is equivalent to sampling with replacement that picks
up N members from the population independently and uniformly.

I Z I (Mathematically)
RESNOEEAMESN-ERLE BREASMICHEONE D IRILIHE
ST NS

A sample of size N via random sampling is a sequence of independent random variables that follows
the population distribution.

%}EE'I' E"] *ﬁ/ﬂ“@ E E"](Purpose of statistical inference)
BELSHESNE-ER(E)MoBERSMOEHZHEELZLY,

Estimate the parameters in the population distribution from (a realization of) a sample obtained
via random sampling.
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# 51 = (Statistic)

HEBHDEEEITHICT HERXDEMT(X)
A function T'(X) of a sample X that corresponds to an estimator of a parameter.

EI,%'E\(Remarks)

et =IE RN D BRI AKFLTIEULITFAELY,

Any statistic must not depend on unknown parameters.

Mt EIIHEREHTHLH. TORBIETHAMHELER L TIELITFELY,

A statistic is a random variable. Do not confuse it with a realization.
1§|J(Examples) :

SREY)  BREOF(BT)IHIT et =

Sample mean: A statistic of the population mean

SR BREEOSB(ETR)ISH T HifEt =

Sample variance: A statistic of the population variance
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,'ﬁ*ﬁjﬂf D E E"](Purpose of point estimation)

% ﬁﬁ@ Eﬁﬂ‘]*ﬁfﬁfﬁ(swndard method for estimation of population distributions)

HOAFREDBEASEOTRN G, T—R2E OV THRRLGBEHAS
aERT B,

(Select the best distribution based on data out of a certain family of population distributions.)

%ﬁj\*ﬁﬁlﬁ(Family of population distributions):P(X; 9), 6 € 0.
ERXDOFIE BROICE > THANEERITHESNDERET 5,

The distribution of the sample X is assumed to be determined by the parameter 6.

ﬂ%lﬂﬁ’#ﬁ(Population distribution) ﬂﬁ(Parameters)

— I8 %3 #7 (Binomial distribution) 1H B RESR
(Probability of an outcome of 1)
1E 3R %3 %7 (Normal distribution) )L ER

(Mean and variance)

5;%5{ DR *E JHE_'(Point estimation of the parameter)

EARXDERBENFGoNT-LSIT BROTHEE K,

Estimate the parameter 8 when a realization of the sample has been obtained.
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,'ﬁ *ﬁ JHE_' O)WJ (Example of point estimation)

ERBEENEEABESNERX = (X, ..., Xy}

i.i.d. sample X from the normal population

BARXDD, UL R’ EDIIIHET ADNERIZAIM?

What is the best estimation of the mean and variance based on the sample?

*E /\:I:I:

ST = R
(Sample mean) X N z Xn (Sample variance) 9 = N z (Xn — X)

EfRMICEAELLLWMEEETHAN., CNEYELRWAER>GELOMN?

While they are intuitively reasonable methods, are not there better methods?

ZTELEL HEEZDRLELZED I OLGREETHRIANEN?

What criteria should we use in comparing merits or demerits of estimation?
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:]:EI'_E%hﬁiﬁf:ﬁ&g"rig(moperties desired in estimators)
BHODHETEEEI = 00 EE

Let & denote an estimator of the parameter 6.

;F{E'l‘i(Unbiasedness)
HEBONE[D] = 0%B1-T &=, ETFRHTELTEA,

An estimator 8 is called unbiased if E[§] = 6 is satisfied.

— B (Consistency)

ERDRKEFSNERKDEE, HEEONEDBHOIHERIVRT 5%
SIE. IF—EHHEEELF TN S,

An estimator 8 is called consistent if & converges in probability to the true parameter 6 as the
sample size tends to infinity.

B35
TMRETEON Y ZTIRZE[(O — 6)*|DIERBREERT HEE,
OlxEEE=EMEXN S,

An unbiased estimator 8 is called efficient if & achieves a theoretical lower bound on the mean-
square error (MSE) E[(6 — §)?].

Efficiency)
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;F{E :]:EE % O)WJ (Examples of unbiased estimators)

FEuEN P EREO = {1, 02 }ET HBERED TP (X; ) D HHE
EAMBINT-ERX = (X, ..., Xy Z2E>T. BEEHELELS,

Estimate the parameters 8 = {u, 02} from an independent and identically distributed (i.i.d.)
sample X drawn from the population distribution P(X; 8) with mean u and variance 2.

*Es—gquzyﬂ(Sample mean): X — 1 z X
N
*EZIKIIZ:V] (d:Tﬁ'C&S%) (The sample mean is unblased

=NZE Z

;1'1% VAN & Unbiased sample variance). Q2 _ - Z(X _ X)Z

T(ﬁ &li’ﬂﬁ :]:E ’C%é o (The unbiased sample variance is unbiased.)

BEBA: Y, = X, —p&dLE, E[Y,] = 0&£V[Y,] = 6> ARYIIDD T,
Proof  — -Q'lﬁ&%?g&ii(, U= 0Z{RETED,

Let Y, = X,, — u. Since E[Y,,] = 0 and V[Y,,] = 2 hold, without loss of generality,
we can assume u = 0.
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T{)ﬁ &0);[_1}% |$0) nIE Elﬂ(Proof of the unbiasedness of the unbiased sample variance)
quzi’] 0) §1§’JT (Using the definition of the sample mean yields)

X, —X)?= ) (X2 -2XX,+X%) =) X2-NX2
Z Z Z

BAXIC Fa?l?“éﬁﬂ1#1 EH%&

Taking the expectation with respect to the sample X, we have
(N — 1)E[S?] = No? — NE[X?],

CCT A RAFEDEREREY = 0ZfEoT=,

where we have used the definition of the unbiased sample variance and the assumption of y = 0.

EREWITL = 0DRNRHEEHLD T,

Since the sample mean is an unbiased estimator of u = 0, we have
2

E[X?] = E[(X - E[¥])?] = V[X] = —.

EEDFSE BRFEHDOEREZARADIRILE—EENLHED,

The last equality follows from the definition of the sample mean and the i.i.d. property of the sample.

NoDAZEHAEHEDE, E[S? ] R CIOR
5] =

Combining these equations, we arrive at E[
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% JL HE TE (Maximum likelihood (ML) estimation)

BRHASMISHEHEXZ R ALI=B0DEHP (X = x; 0)E LEEMS,

We refer to the function P(X = x; 8) of 6 obtained by substituting a realization x of the sample into the
population distribution as likelihood.

Ex JLHETE E(MLestimator): @ = argmax P(X = x; 0)
0€B

MEHExDHIRERTHOILEEZRKIZT DRIGTEHEE S,

Select a parameter that maximizes the likelihood—the probability of the occurrence of x.

H ZIKE’E 0) L\ Difference between Japanese and English)
LB LEI=E ([ ZE D TUVS(reasonable) ik F =18 Y] S (suitability)
Likelihnood=possibility(argtt)=probability# =)

RAEEIEIRAHRERICEDHETELLSEKRGD T,
BE—BLLOLWMEELEADDMNELIZMRIELEVLAMNRLY,

Since the ML estimation means estimation based on the maximum probability of outcome, we
should not discuss why the ML estimation is the most reasonable estimation.
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B%jﬁ*ﬁi 0)15'] (Example of ML estimation)
FHRBERMMSEEAMESNIAZRX = (X, .., Xy)

i.i.d. sample X from the normal population
(5 0) = —— ", 0= (o)
Px,, (X; = e 20° , = 4,0
X V2mo?
EHus Do DBRAME By E65, ZTELES,

Compute the ML estimators of the mean and variance.

LEZRANLTDHEIE. ABLEERRNILTOILEFMTH S,

The maximization of the likelihood is equwalent to that of the log likelihood.

{Am, 660} = argmaxlog]_[px (Xn; 0) = argmaxE log px,, (Xn; ).
n=1 po?

MNBALEZTERATYXEE TR IT HE.

Representing the log likelihood with the sample mean yields

¥ N (42 — 2%u+ X2 1w
Z logpx (Xn;0) = ) + log(2ma?) (, X2 Nz

0-2
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B%jﬁ*ﬁ;rﬁ 0)15'](Example of ML estimation)
FEHDRAEEEE AL, o2 ITEDTERFHEFLLY,
The ML estimator fi;, of the mean is independent of o2, and equal to the sample mean.

v, = X MO L. Confirmit)
NHDRALHEESSH (L ZERDEEELLY,

The ML estimator 6, of the variance is equal to the sample variance.

{,uz —2Xu+ X2

5‘2
+ log(Znaz)} = argmin {ﬁ + 108(02)},

7 g2>0

6%, = argmin
p=X

02>0
ZC_TC.*lIERSEERT, (Where 62 denotes the sample variance.)

BE%Lf (x) = logx + 62 /xI&.
x = 6*DEZITHR/IMETE S, £

The function f(x) is minimized at x = 2.

0-2

6%, =62,

TOYOHASHI

UNIVERSITY OF TECHNOLOGY

14



B%jt*ﬁ;‘? @'I‘EE(Properties of ML estimation)
BT ERIEYEE-TBEREREERE By (x; 0) Mo BIEAHE
SNTFERX = (X, .., X HZE OB HODHELHEEEIZRAL T,

Consider the ML estimator of the parameter based on the i.i.d. sample drawn from a population
pdf px(x; ) satisfying regularity conditions.

T~ 14 (Unbiasedness)
BAMTEEITNT LEAFE TIEAEL Y, (ML estimators are not necessarily unbiased.)

— B 1% (Consistency)
RAHTEEIEI—HHTEETH S, (MLestimators are consistent.)
TN IZRDKREIHNERKOLEZIC,. RLHEE X REEETHS,

Thus, the ML estimators are unbiased as the sample size tends to infinity.

B $h14 Efficiency)
BRADREZINERRKDEEZIC. RAHETEEFXEVHEEETHD,

ML estimators are efficient as the sample size tends to infinity.

BADRKESHTRICKEVNEE . RAHEEFZRREHEEZTHIEEZA D,

We can conclude that ML estimation is the best method of estimation for a sufficiently large sample size.
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n% (Exercise)

X=X, .., XytrcERBRENEESGHESINIZERET S, BT
ﬂﬁﬁ&gz':ﬂj_éﬂaitj:EE%ﬁMLthL%%Hjﬁcto

Let X = {X;, ..., Xy} denote an i.i.d. sample from the normal population. Derive the ML estimators fiyy,
and 64 for the population mean u and variance o?2.
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