TOYOHASHI

UNIVERSITY OF TECHNOLOGY

heE SRAFE AT

Probability and Statistics

F70EEREM

Lecture notes 7

(X [ #E 7€ &R ER AR TE

Interval Estimation and Hypothesis Testing

~

SHEBRITRZEXE

Toyohashi University of Technology

ER-EFIEHRIFER

Department of Electrlcal and Electronic Information Engineering

EHER MTAZEE

Associate Professor Keigo Takeuchi




IZFEﬁ :]:EirE@ E E"](Purpose of interval estimation)
?EEE&%(Estimation error)
EARDRESEERGOT, BHORKEEEICITRENEL TS,

A finite sample size results in an error for point estimation of a parameter.

HEREZEDIDIFHET SN ?

Should we evaluate the estimation error?

qzié]:ﬁg';&%(:*égzﬂﬂﬁﬁvaluation based on mean-square error (MSE))
HEEDFH ZF/REZHEL T, EERpLGTRELE~RS,

Compare the MSE in estimation with a theoretical lower bound.
K ,'.5“ (Disadvantages)
EDBHEMNEITEWE, Y - RREZTFTETEEL,

It is impossible to evaluate the MSE, unless the true parameter is known.

EDOBHMNBRMTHo=ELTH, FHAET DICEZHDIEENBETH D,

Even if the true parameter were known, we would need many samples to evaluate the MSE.

IZFEﬁ ?E/HE_'G) E E|"](Purpose of interval estimation)
EDRBNRADGEIZ. E—DEAI L RHETEDREZTET D,

Evaluation of errors in point estimation for unknown parameters with a single sample.
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151l (Example)

FI:ﬁEE(Problem)

RESMDFERXDREREX = 0500 BEHODHEREZFTEE L.

Evaluate the error in estimation of the population mean based on a realization of a sample with size 1.

3 14 ) HE 5E {i (Estimate of the population mean)
FRAMBNEVDT, BEHOHEEEZEZS = x = 0.58F DMLY,
What we can do with no a priori knowledge is to select & = x as an estimate of the population mean.
E,E&%O)qu{ﬂﬁ(Evaluation of the error)

;Fﬂ-ﬁléf&_)%)o (Impossible)

BARXDDR=1DERD IR EZR>TUIMV &L=,

If we knew that the sample 6 followed a normal distribution with variance o2=1,

BEHOIXEXRE[0.5 — 30,0.5 + 30]ICAS>TWESTEEE RS,

we could say that the population mean was likely to be included into the interval [0.5 — 30, 0.5 + 30].

TOYOHASHI

UNIVERSITY OF TECHNOLOGY




X FEﬁ :]:Ei'_E D %“LE(Procedure of interval estimation)

1&E(Assumption)
BERSHE{P(X;0) 16 € 0 HEEXEANTH S,

The family of population distributions is known.

1T PINRIMDEBHOITEKFLLGEVRETETZREE K.

Select a statistic T such that the distribution of T is independent of the unknown parameter.

2 TORHZEEHEL. 100(1 — @) %EFE/KEIZEI(EEREZEHE K.

Evaluate the distribution of T, and derive a confidence interval based on a confidence level of 100(1 —
a)%.

100(1 — )% {EFE/KEDEFERXHE:

Confidence interval with a confidence level of 100(1 — a)%

MEHEARBIZEENLGIMVERN, £
BEICEET TallF LGS KO XHE

Interval that does not include a realization of the statistic
with probability a, which is equally allocated on both sides.

Pdf pr(t)

Confidence interval ¢
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1_ *Ei X FEﬁ 0) Slgnlflcance of confidence interval)

BMEEREREATZL TGO T, REHEIL. (SHEKEIZZELLY
BEETHHIIEBERBORICABELNSIFERILIZIFESTUVELY,

Since the parameter is not regarded as a random variable, the formulation of interval estimation
does not indicate that the parameter is included into the confidence interval with probability that is
equal to the confidence level.

WJ : AIEE@ H ZFAOD % ﬁtt(MaIe—to—female ratio in Japan just now)

HAOERFEZITOIHER. 5% EHKEICE THELLLDEERXREIL
[0.985, 1.015] THo1=,T %, CHBREED B R LILS%DHERTID
XEBICADERIRT HDIEENLLY,

For the male-to-female ratio, suppose that we obtained the confidence interval [0.985, 1.015] with a
confidence level of 95% from a sample. The following interpretation of this result is wrong: The true
ratio is included into the interval with a probability of 95%.

1IELL \ﬁa’:%R(Correct interpretation)
E CAERBAEZIMILIC1000ETo-TE L DIEERBZFTELIZFHER.
FIS0EDERERFEIFEDELXLLZEATILS,

Compute 1000 confidence intervals for the male-to-female ratio from independent trials of the
identical survey. Then, approximately 950 intervals would include the true ratio.
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2 RIBEEA D EEFR B R HE D B

Population mean of the normal population with known variance

DR HEEA D ERBERNSEEEBEINI-KESNDIER
X ={Xg, .., Xy}0V0 BRIEX = {x{, ..., xy )1 DFONTET D, KA
DEFEHuz95% DIEFE/KE TR HEHETE E Ko

Suppose that we obtained a realization x of an independent and identically distributed (i.i.d.)
sample X from the normal population with known variance 2. Interval-estimate the unknown

population mean at a confidence level of 95%.

it 8 1w X X
WL a T B (Statistic) — U — U _
T = \/_N; no_ = X : AR F 15 (sample mean)

o/\VN’

IHEIE7.1(Theorem 7.1)
EREREROBRTEEE. ERSMICHED,

A linear combination of normal random variables follows a normal distribution.

TFIB7 AL TIEFEEDEROKRZFSNIZTH L TEETERSMIZHKED,

From Theorem 7.1, T follows the standard normal distribution for any sample size N.
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2 RIBEEA D EEFR B R HE D B

Population mean of the normal population with known variance

#7151 = (Statistic) X, — — U _
; \/— z N ' X: *ET"; z|Zil:l>](8ample mean)

BUEFEIZEY. P(T| < to) = 0.95%#1=F BIEILt, ~ 1.95996 TH S,

Numerical computation implies that the threshold t, = 1.95996 results in P(|T| < t,) = 0.95.

IT| < toZulZBALTHELKE EBRMu e [X — N"Y2¢t0, X + N™V2¢,0| %85

Solving |T| < t, with respect to u yields the confidence interval u € [X — N™Y/2ty0, X + N~2¢40].

X—u X —
— N%sq,
0}
_ toa' — toO'
> X-=<u<X+-=
N N
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ﬂi%ﬂ#ﬁid) E H"](Purpose of hypothesis testing)
T—3DHMNo., HAHARFEDEB/ZETREL=LY,

Test true or false for a hypothesis by using only data.

. 2015F9R14HE NRDEEE A

(Example: Direct observation of gravitational waves on 14 Sep. 2015)

BRAESNEANKTHAHCEEILGELT=LY,

Verify that the observed signals are a gravitational wave. © LIGO

http://mediaassets.caltech.edu/gwave

R =~ DBB /A X THAHUNREEZEDKIICEET 207

Problem: How should we deny that the signals are just noise in observations?

g : /A X TIHGENWCEDFERILREBICARETH B,

Difficulty: It is impossible in principle to prove that they are not noise.

B R /A XA THH R (EFEIZIEpE)D+RITENIEFIEET 5,
Solution: Verify that a possibility of noise (more precisely, p-value) is very rare.

AFDIHE . plEILEIp = 0.00006% TH S,

The p-value is approximately p = 0.00006% in this example.
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ﬂi Eﬁ,*ﬁ;ﬁ D) %“LE(Procedure of hypothesis testing)

1 IFEREEHZILTH—EBELTLSERIIBARERI oLV SRR

(Postulate a null hypothesis H,—An event we focus on occurred by chance.)

EE/ IH "?‘i/’fx—c&_)éo (The observed signals are noise.)

2 WIRERH, ZILTAH—IFERERZRESTEL=RER
(Set the alternative hypothesis H,—Logical negation of the null hypothesis.)

Eﬁ/ 'H F‘I/4XFII@L\O (The observed signals are not noise.)
3 BEMAETZHELT. FRRGFH, ZEE/KEaTENT S,

Define a test statistic T, and reject the null hypothesis H, at a significance level a.
plEMaZE TESf=&E, D /A XTHAHAREMEENT D,
SHEITNIL, COTREMEZERITLALY,

When the p-value is below «, reject a possibility that they are just noise. Otherwise, do
not reject this possibility
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FAEE 0D TE 2 (Definitions of terminology)

ZF K115 (Rejection region): R € R
REMETETHEEBRIZEENSLGLEL., RBRGFEENT 5,
Reject the null hypothesis if the test statistic is in the rejection region.

E1FEDFRY (Type | error)

IRBRGGENED EEICRBRREZENLTCLEIRY

Incorrect rejection of a true null hypothesis

2 1 Y ﬁﬁ& (Type | error probability) : P(T ER |HO)

%2$E® A7 ) (Type Il error)
IREREENMEDESICIRBHREGEZENLGLGRY

Incorrect non-rejection of a false null hypothesis

2*@.:,,, U ﬁﬁ& (Type Il error probability) : P(T &R |H1)

ﬁ%ﬂ(ﬁ (Significance level)(X :
F1RBRVERNFEKELUTICRDRIIC. BEFEZEET 5.

Define a rejection region such that the type | error probability is below the significance level.
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FHEE ) TE £ (Definitions of terminology)

Pl pvae): IRERFHAEDLEEIZ, BONIMEHE L IHEHEHEA,
BREGE BTAMES DTS HET HREEp

Probability p with which the distribution of the statistic T generates rarer realizations
than an obtained realization t of the statistic.

R IRBERENMADEEFITRERREEANT HHEEL - B

(Power) Probability 1 — g with which a false null hypothesis is rejected.

5 2FE R U A 22 (Type Il error probability) : y:f =P(T &€ R |Hy)

H%EII@EO)%A Case of a one-sided test)

F1RRYERNEEKELEFLL
7‘&%)&:9(_\ ZNEDORIECEZERTE

Select a threshold ¢ such that the type | error
probability is equal to the significance level.

R =[c,0)st.a=P(T €R|H,).
prlﬁ(p-value):p = P(T >t |HO) N
t

BKELDEELAT, ENTIAEAERDNIELL,

Compare the significance level and p-value to decide whether rejection should be selected.
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WJ : EZ% ﬁj}?ﬁ@*ﬁfﬁ(Example: Testing for population distributions)
BEF DM (EIpy(x;00) D py (0 DEBLLMTHAHEFEEZ1EOHT-,
EREXDEONT-EZIT, py(x; ) DBED T THAEEIFELT=LY,

We have found the fact that the population distribution is px(x; 8,) or px(x; 6;). Verify that the
latter is the true distribution, when a sample realization x has been obtained.

J%%{&E‘ﬁ",(Null hypothesis)HO :Px (x; 60) ﬁﬁﬂi?ﬁ".(Alternative hypothesis)H1 - Px (x; 91)

px(x;6)

0o 64 X

ED J::) (:*ﬁi%&’ﬁ?r%’é%&i'd'&%b\ ? (How should a test statistic be set?)
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tgtt*ﬁfﬁ(ukelihood ratio test)
5 FE A E5 (Null hypothesis)H : px (; 8p) X 3L {R E5 (Alternative hypothesis)H; : Dy (x; 81)
REMSTETELT, LELLZES, T(x) = px (x;61)

(Select the likelihood ratio as a test statistic.) Px (x; 90)

AEKEalZHL T, EFMER = [c, o) DEEcEa =P(T € R |Hy) Fil=9
FITEDH B,

For s significance level a, take a threshold ¢ such that a« = P(T € R |H,)) is satisfied for the rejection
region R = [c, o).

ARET A T -E T2 DFHEE (Lemma 7.1: Neyman-Pearson Lemma)
FEEDEFEEKEaIHLT, LELREIZRE N - pemKIZT S,

For any significance level, the likelihood ratio test is the most powerful test.)

HIEET AR 1RRYER aZEDELESIC. HOWHREDH T,
AELREFF2BRYERLZR/NMNITIXKRLGREETHD,

For any target type | error probability a, the likelihood ratio test is the best test that
minimizes the type Il error probability f among all possible tests.
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ZEBA(Proof)

/—~

XAIZEESDEFEEITD, T

We first introduce the notation.
LELLLRETETDEIMERIZADIERIE 6
DEEBZRy ={x:Tx) € R}EEL,

We write the set of sample realizations that fall in the
rejection region for the likelihood ratio statistic as R ;.

BHOICXH LT, ERENFEAHRICADERIILT L4445,
For a parameter 6, the probability of data falling in the rejection region R, is given by

Pro(Ry) = j D (; 0)dx
Rq

o« =P(T € R |H,) EHI-TEEOBREHA BT EEMHRERY . LFER
BICR &Py (R EEET 5,

Let T and R denote any test statistic and the corresponding rejection region that satisfy
a =P(T € R |H,), and define R4 and Pry(R4) in the same manner.

BRERBTETDRENE, ENENPry, (R EPrg, (Ra) THSBo

The powers of the test statistics T and T are Prg, (Rq) and Prg, (S’?d), respectively.
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ZEBA(Proof)

ZONBEBHDEZETMT B E. (Evaluating the difference between the two powers, we have)

Prg,(Rq) — Prg, (R4q) =Prg (Rq N Ryq) + Prg, (Rq N RY)
—{Prg, (Rq N Rq) + Prg, (RGN Ry4)}
= Prg, (Rq N RG) — Prg, (RGN Ry). (7.1)
EELBREDEIAEFHDEERERy = {x:px(x;01) = cpx(x; 0,)}&{FE-T,
Using the definition of the rejection region for the likelihood ratio test yields
Prog, (RqgNRY) = ~ px(x;01)dx = cPry (Rq N RY).
RaNRG
R(7.1)DFBREFEO,ITBIL TITI&, a = Prg (Rg) = Pry, (Ryq) D5
Repeating the argument in (7.1) for the parameter 6, from a = Prg_ (Rq) = Prg, (ﬁd) we have
Prg (Rq N RG) = Pry, (RGN Ry).
LELLREDIFZAHRS = {x:px(x;0,) < cpx(x; 0.)}DTEEID
Using the definition of the complement of the rejection region for the likelihood ratio test yields
cPrg (RGN Ryq) = Prg (RGN Ry) % B (Equality): RG = 0.
NoEHAEHEDE. Prg, (Rg) = Pry, (Rq) D RILT B,

Combining these observations, we arrive at Prg (R4) = Pry, (Rq)- H

TOYOHASHI
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Bl: TEIDERTMDIES

Example: Case of the normal distributions with unit variance 5

X
5 4 {5 258 (Null hypothesis)H g : x:0y=0)=——e 2

(Null hypothesis)I1 pX( 0 ) m . (x_l)z
i‘j’ﬁﬂigﬁ(Alternative hypothesis)H{ : Dy (x; 0, = 1) =——e 2

—AY 4 sl -~ - 27T
R EIRERH, D T THBALELEATET 5L,
Under the null hypothesis, we compute the log likelihood ratio as
1 1 )
logT(X) =X — > ~N | — o 1 R &, confimit)

FEK%Ea = 0.051x L TCRHEZRIEETE I 5L, ¢ =~ 3.14198,

For a significance level of 0.05, numerical computation of the threshold implies ¢ = 3.14198.

0 1 0 C t
ERExHEEL.64485LL ETHNIL., BREBRERIIEEINDS,

When a realization of the sample is larger than the threshold, the null hypothesis is rejected.
TOYOHASHI
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