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Z’\O7 I‘)lxﬁg*ﬁ(Spectral analysis)

SHDEBE *?%(Today’s goal)
LU & EE B (O) D RIREIFHZ AT, TYH T35
KO THERITT %,

Analyze the frequency response of the following continuous-time signal x(t) via sampling with period T.

sin 1t
x(t) = , x(0) =0
Tt

B D B R E4F TS (True frequency response)

. % o 1 for|f] <1/2,
X(f) = t)e 2miItdt =
) L, x(D)e {O otherwise
1z 1/2 sin 7t
f X(f)e?™Itdf = J e?mItdf = ZJ cos 2nftdf =
- 1/2 0 mt

ﬁg*ﬁlzﬁ ('j'%)ﬁﬁ:]:;%(Assumptions in analysis)
 x(t) MNEATEBSMEIZEZFIZHHBLELY . (We have no information on x(¢) in advance.)

o FAFXRAMERE S = 1/QT) UL ED LIRS I x () ITFEELELY,

x(t) contains no signals with frequency higher than the Nyquist frequency fy = 1/(2Ty).
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%*l‘fd:ﬁff(NaTve method)

ﬁ BE'U'?/joU .\/7\\(Finite sampling)
"j“/j) ') VOEJ ,EH TS ’C‘x(t)"é%?’“:'é’%) o (Quantize x(t) with sampling period Ty.)

N
x[n] = x((n—i)TS> forn=0,..,N—1

B BT —!1) T2 #2 (Discrete Fourier transform)
N-1
X[kl = ) xlnje=2mikn/N
n=0

Z’\°7 I‘)lxﬁg*ﬁ(Spectral analysis)
x(ODT—)IEBX (FDHEEEX(HELTET S,

Define an estimate X(f) of the Fourier transform X(f) of x(t) as

X K =T.X[k
Nt ) = IS k]
NZRELTHE. BIRBDRIZREMN EHNS,

The resolution of frequency increases as N grows.
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— 1% (consistency)

TFIE13.1 (Theorem 13.1)
WMEPRT, » 0, NT, — ool ZH VT,

In the limit T, - 0 and NT, — oo,
21 BH (Proof)
12[(E[ZEZE Flp. 8/, #BFRT, - 0IZHUVT,

From the lecture notes 12, p. 8, we find that as T, — 0,

X(f) - X(f)

y
T.X[k] - j x(t)e 2mIRUT gt
—€

NTZTX (

X(k/(NTy)) = T X[k]&£BLEABRT; - 0, NTy > ol ZHULVT,

Let)?(k/(NT )) = ToX[k]. In the limit Ty - 0 and NT; — oo,

VT Z T,X[k (NT ) [IRCBLGEITIES

cj:’.D—C(Thus,)

>—>)?(f)
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T, = 1/7(:&?}3‘%;;7‘%#7‘;}&7 I )L 2 T (Naive spectral analysis for T, = 1/7)
1.2 I I ] ] ] ] ]
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JyTILDIR [&l(Cause of ripples)
REER T —") TR EEE S D B ZRBICIRET 5.

The discrete Fourier transform postulates the periodicity of the time-domain signal implicitly.

1.2 ; . ;
b | |
: ! | N =128
08| | | =17
0.6 [ ! ; -
S : | |
w04 | ]

0 N/2 N
n

~

EBHFEOMZDIEADTULVELY, (The signals are not connected smoothly.)
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%E ﬂ??’g\ (:J:éﬁ@*ﬁ(lnterpretation via the rectangular window)
%ﬁiﬁt&ﬁ FEIE] J—1)T %*@(Discrete-time Fourier transform)
E5xy[n] = wnlx[n]| DRERIFFRIZ7—) T R#ZEX, () ET D,

Let X,, (f) denote the discrete-time Fourier transform of x,, [n] = w[n]x[n].

X, (e?™r) = z wn]x[n]e=?™/m,  fi=1

n=—oo

B win] = W( n ) w(t) = {1 fort € [0,1],

Rectangular window N-—-1 otherwise

Az N
RINETTIE X[k = z wn]x[n]e~2Wkn/N = X (k/N)

Naive method
n=-—oo

X[k]IZBEBRES R T — TEHX,, (2 Df = k/NTOH LT IBEHEE D,
X[k] is regarded as a sample at f = k/N of the disrete-time Fourier transform X,, (e2%//).

FEFR ARSI T X, BREIEETIESx[n)Zx, [n] [CEFHE TS,

Interpretation | finite sampling, the time-domain signal x[n] is distorted to x,,[n].
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Jﬁf ;&ﬁﬁﬁ(zﬁ (T%)EOZ}(Distortion in frequency domain)

J&l /&§ bﬁiﬁlzﬁH’é%ﬂﬁﬂ@onvolution in frequency domain)

{x[n e WNDne— oo« {xw [N} n=— o D HERREF R 7 —) TR %
ThEnX(e2™). w(e?™r) X, (2™ ET B,

Let X(e?™7), W(e?™7T), and X,,(e2™/) denote the discrete-time Fourier transforms of {x[n]}j-_ o,
wn]}_e, and {x,, [n]}2-_., respectively.

TiE12.1K&Y X,,(e2™1) = 1_EW(82njf’)X(82nj(f—f’))df’

From Theorem 12.1, —€

B2 78 D B BR8] 7 —') I Z5 $#2 (Discrete-time Fourier transform of the rectangular window)

. - . ~ on 1—e 2N
w(el) = ) winle™" =y (e = o
n=0

n=—oo
—njfN pnjfN _ ,—mjfN i

e e‘”f(N‘l)f—Sman forf =0
e~mf  emif —e~Tif sinmf

N-1
w1l =) 1=N
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%E ﬁ??’g @*}Eﬂlgfﬁ'lﬁmmplitude response of the rectangular window)

1.2 I I I I T | T
N=64 ——
N=128 ———
1 F ‘ N=256 .
S 08 B )"f.‘/l:l—j\ i
= HAO—2JLAN)L Main lobe
5 Sidelobe level
& 06 i
>
= 04 } HA4kA—7
Sidelobes
v %1(First)
02 KA / | Ax 52 First) |
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?.r;?a\ F?EE]%I%FH L\T:X’\o7 I‘)lxﬁzﬂ*ﬁ'(Spectral analysis by windowing)

?5\ EE] "ﬁﬂ’&ﬁﬁ L \7,_:_&?/70 U .\/7\\(Sampling with a window function)
"j“/j) ') VOEJ ,EH TS ’C‘x(t)"é%?’“:'é’%) o (Quantize x(t) with sampling period Ty.)

n N
Xy ln] = W(N_ 1)x<<n—§>TS> forn=0,..,N—1

BB T —1) T Z 2 (Discrete Fourier transform)

N-1
Xolk] = ) x,,[n]e2mkn/n
n=0

X’\°7 I‘)lxﬁg*ﬁ(Spectral analysis)
x(ODT—)ITEBX (/) DHEEEX,, (HELUTET S,

Define an estimate X,, (f) of the Fourier transform X(f) of x(t) as

. k
Xy <NTS> = TsXy [k]

TOYOHASHI

UNIVERSITY OF TECHNOLOGY

10



I\Z 2% %2 (Hamming window)

H# F'EE] bﬁiﬁ iFZ IE,(Time-domain representation)

_Ya— ({1 —a)cos2nt fort e [0,1] _
w(t) = { 0 otherwise, a=0.54
JE 5&*&%5@%IE,(Frequency-domain representation)
(') N-1
. n . n .
2jf) — —2mjfn _ —2Tjfn
W= ) wiy=)e 2 (7=
n=—oo n=0
N-1 N- Zn]n/(N 1) -2njn/(N—1)
_ 4 Z (e—anf)" —(1-a Z Te p—2mjfn

n=0 n=0
1—eN 1-g <1 e—2mN{f-1/(N-D} 1 _e—anN{f+1/(N—1)})

B 1 — e 20 U-/N-D} T | _ g-2mjf+1/(N-1))

1 — e 2mjf 2

( [ 1 1 Y]
sintNf 1_asmnN(f——N_1) 51n7tN(f+ 1)

= e W=D L q— +
sinmf 2 sinn(f ~N =1 i 1) smn(f + 1 1)

\
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NS EDE 5&%&4%'|‘$(Frequency response of the Hamming window)
1.2 I I 1 T T
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H%FEIEJ ﬁEiﬁj(Z&B‘ H’é /E‘ E) f.)\é(Smoothness in time domain)

1.2 . . .
: : Hamming :
11 I : Rect. :
0.8 | /\ |
| | | N=128
= 06 | :
= : : : Ts=1/7
X 04 : :
02t | 5
0 :
-0.2 | | |
-0.4 ’ ’ ’
0 N/I2 N
n
EAITELDD, BoMZDEND,
The signals are connected smoothly while they are distorted.
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/ \597,%?\%% L\T:Z’\o7 I‘)lxﬁg*ﬁ(Spectral analysis with the Hamming window)
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N B .
};EE'(Exerc;lses)

FEREICET HLUT DINTA—F7FHEE &,

Evaluate the following parameters for the rectangular window:

1. FkYHA(FO—7T D 5_7117%]36 > ((Peak positions f,, > 0 of the kth sidelobes)

2. HArFO—7J LA JL[dB](Sidelobe level [dB])

w (e
(W (D)7

101log4,

3. THRELGNIZHT HIELHSAFO—TLA)L[dB]

Approximate sidelobe level [dB] for sufficiently large N.
LLFD ﬁﬂﬁéﬁﬁ LYK o (Use the following approximation:)

sinx = x for |x| « 1
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